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A new additive function and the 
Smarandache divisor product sequences 1 

Weili Yao and Tieming Cao 

College of Science, Shanghai University, Shanghai, P.R. China 

Abstract For any positive integer n, we define the arithmetical function G(n) as G(l) = 0. 

If > 1 and n = p^p^ 2 ■ • -p^ k be the prime power factorization of n, then G(n) = fy + 
pf + • • ■ + The main purpose of this paper is using the elementary method and the 
prime distribution theory to study the mean value properties of G(n) in Smarandache divisor 
product sequences {pd(n)} and {qd(n)}, and give two sharper asymptotic formulae for them. 
Keywords Additive function, Smarandache divisor product sequences, mean value, elementa- 
ry method, asymptotic formula. 



§1. Introduction and results 

In elementary number theory, we call an arithmetical function f(n) as an additive function, 
if for any positive integers m, n with (m, n) = 1 , we have f(mn) = f(m ) + f(n). We call 
/(n) as a complete additive function, if for any positive integers r and s, f(rs) = f(r ) + f(s). 
There are many arithmetical functions satisfying the additive properties. For example, if n = 
Pi x P2 2 ■ • ■Pk k denotes the prime power factorization of n, then function f l(ri) = 01+02 + ' • -+afc 
and logarithmic function /(n) = Inn are two complete additive functions, aj(n) = k is an 
additive function, but not a complete additive function. About the properties of the additive 
functions, there are many authors had studied it, and obtained a series interesting results, see 
references [ 1 ], [ 2 ], [ 5 ] and [6]. 

In this paper, we define a new additive function G(n) as follows: G(l) = 0 ; If n > 1 and 
n = p± k P2 2 ■ • • P^ k denotes the prime power factorization of n, then G(n) = §7 + ^ + ' — b “Y 
It is clear that this function is a complete additive function. In fact if m = p^p ^ 2 ■ ■ -p^ k 
and n = • • ■pf'% then we have mn = p“ 1+/Sl • p ^ 2+l32 ■ ■ Therefore, G{mn ) = 

+ a 2 pf 2 + • • • + ak pf k = G(m) + G(n). So G(n) is a complete additive function. Now 
we define the Smarandache divisor product sequences {pdiji ) } and {qd(n)} as follows: Pdiji) 
denotes the product of all positive divisors of n; qd(n) denotes the product of all positive divisors 
d of n but n. That is, 

Pd(n) = Y[d = n^-, q d {n)= d=n^“ 1 , 

d\n d\n : d<n 

lr This work is supported by the Shanghai Innovation Fund (10-0101-07-410) and Young Teacher Scientific 
Research Special Fund of Shanghai (37-0101-07-704). 
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where d(n) denotes the Dirichlet divisor function. 

The sequences {pd(n)} and {(?<j(ro)} are introduced by Professor F.Smarandache in refer- 
ences [3], [4] and [9], where he asked us to study the various properties of {pd{n)} and {g<j(n)}. 
About this problem, some authors had studied it, and proved some conclusions, see references 
[7], [8], [10] and [11]. 

The main purpose of this paper is using the elementary method and the prime distribution 
theory to study the mean value properties of G (pd(n)) and G(qd(n)), and give two sharper 
asymptotic formulae for them. That is, we shall prove the following: 

Theorem 1. For any real number x > 1, we have the asymptotic formula 
G ( Pd(n )) = B ■ x ■ \nx + (2y ■ B — D — B) ■ x + O (y/x Inina;) , 

n<x 

, 7 is the Euler constant, and 

p 

all primes. 

Theorem 2. For any real number x > 1, we have the asymptotic formula 
G ( qd{n )) = B ■ x - Inx + (2y • B — 2 B — D) ■ x + O [y/x In In x) , 

n<x 

where B and D are defined as same as in Theorem 1. 



yy denotes the summation over 



where B = y^,D = y^ 

P p 



§2. Two simple lemmas 



In this section, we give two simple lemmas, which are necessary in the proof of the theorems. 
First we have: 

Lemma 1. For any real number x > 1, we have the asymptotic formula: 



V - = In In x + A + () ( - — 

z — ' r> \ In X 



p<x ' 



where A be a constant, Y^ P <x denotes the summation over all primes p < x. 
Proof. See Theorem 4.12 of reference [6]. 



Lemma 2. For any real number x > 1, we have the asymptotic formulae: 
(I) ^ G(n) = B ■ x + O (In In x ) ; 






(II) 



Y ® = B-\nx + C+0 



( In In : 



n<# 



V x 



where B = — J 5 , 7 is the Euler constant, and yy denotes the summation 

P P P P P 

over all primes. 
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Proof. For any positive integer n > 1, from the definition of G(n ) we have 

G(n) = V-. 
i V 

p\n 

So from this formula and Lemma 1 we have 



5> ( n) = EE^E^E^E 1 ^ 

n<x n<x p\n np<x p<:r n< — p<x 



= X 



EE 0 E^| = B • x + O (In In x) 

P<CC \p<X 



where B = — be a constant. This proves (I) of Lemma 2. 

p 2 

p 

Now we prove (II) of Lemma 2, note that the asymptotic formula 



E — = In .r + 7 + O ( — 
n \x 

n<x 



where 7 is the Euler constant. So from Lemma 1 and the definition of G(n) we also have 



E G(ri) \ ^ £^ip\n p sr^ 1 \ 1 v - ^ j- 

r ) ' J) ' I ) 2 ii i / ip2 ' ri 



V , - 

Z-^p\n p 



1 X — > 1 



p^ n z ✓ p- z / n 

np<x P< x n —p 



= E 



1 r 



p<:r J 



lnx — lnp + 7 + o( — 



E ln x v In p v 1 / 1 v "v 1 

p 2 p 2 p 2 ^ lx p 

p<:r p<tc p<# \ p<:r 

„ , lnp „ / In In x 

R ■ In x - ) —f + 7 • B + O 

p z V x 

p ' 



= B • In x + G + O 



/ In In 



\ x 



where C = 7 • B — ^ is a constant. This proves (II) of Lemma 2. 

p P 



§3. Proof of the theorems 



Now we use the above Lemmas to complete the proof of the theorems. First we prove 
Theorem 1. Note that the complete additive properties of G(n) and the definition of pd(n ), 
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from (II) of Lemma 2 and Theorem 3.17 of [6] we have 



Z G ( Pd ( n )) = Z G ) = \ Z d ( n ) G ( n ) = ^ Z G ( mn ) 



n<x 



n<.x 



n<x 



mn<x 



= y Z ( G ( m ) + G ( n )) = Z g ( to ) 



mn<.x 



= E E G ( w ) + Z Z g ( to ) - Z G ( m ) Z 1 



m<y/x ^ 

Z g ( to ) 

m<y/x 



X 

L m 



n<y/x m< ^ 



5 • x 



ym<.y/x 



\n<y/x 



z 

n<.y/x 



+ O (In In x) 



— [\/a; + 0(1)] [5 • + O(lnlnx)] 



z 



G(m) 



° Z G ( m ) + B ■ x ■ z - 



1<.y/x 



'l<y/x 



— B ■ x + O (y/x In In x) 





1 „ , ,, „ ( 111 111 x\ 




X • 




+ B ■ x ■ 




[2 \ Vx J\ 





n<.y/x 



In yfx + 7 + 0 



— B ■ x + O ( yfx In In x) 

= B ■ x ■ In x + (C + 7 B — B) ■ x + O (yfx In In x) 

= B ■ x ■ In x + (27S — B — D) ■ x + O (y/x In In x) , 

where B = — and D = 7 is the Euler constant. This proves Theorem 1 . 

P p P P 

From Lemma 2 , Theorem 1 and the definition of qd(n) we can also deduce that 

Z G (q d ( n )) = Z G (®1 = lZw)-Z G w 

n<x n<x n<x n<.x 

= B ■ x ■ In x + (27 B — B — D) ■ x — B ■ x + O ( yfx In In x) 
= B ■ x ■ In x + (27 B — 2 B — D) ■ x + O ( v^ln In x) . 



This completes the proof of Theorem 2 . 



§4. Some notes 



For any positive integer n and any fixed real number ( 3 , we define the general arithmetical 
function H(n) as H( 1 ) = 0 . If n > 1 and n = p^p ^ 2 ■ ■ ■ p'f be the prime power factorization of 
n, then H(n) = Oi -pf + 02+2 +' ’ ’ + a fc ’ pf ■ It is clear that this function is a complete additive 
function. If /? = 0 , then H(n ) = f l(n). If (3 = — 1 , then H[n) = G(n). Using our method we 
can also give some asymptotic formulae for the mean vale of H (pd(n)) and H ( qd(n )). 
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The Merrifield— simmons index in 

(n, n + 1)— graphs 

Shengzhang Ren and Wansheng He 

College of Mathematics, Tianshui Normal University, Tianshui, Gansu, 741000, China 
E-mail: Renshengzhangl980@163.com 

Abstract A (n, n + 1)— graph G is a connected simple graph with n vertices and n + 1 
edges. In this paper, we determine the lower bound for the Merrifield— simmons index in 
(n, n + 1)— graphs in terms of the order n, and characterize the ( n,n + 1)— graph with the 
smallest Merrifield— simmons index. 

Keywords ( n,n + 1)— graphs, a— index, Merrifield— Simmons index. 



§1. Introduction 

Let G = (V, E) be a simple connected graph with the vertex set V ( G ) and the edge set 
E(G). For any v £ V, Ng(v) = {u \ uv € E(G)} denotes the neighbors of v, and da(v) =| 
Ng(v ) | is the degree of v in G; IVg[w] = {«} U Ng{v). A leaf is a vertex of degree one and 
a stem is a vertex adjacent to at least one leaf. Let E C E(G ), we denote by G — E the 
subgraph of G obtained by deleting the edges of E . W C V (G) , G — W denotes the subgraph 
of G obtained by deleting the vertices of W and the edges incident with them. If a graph G has 
components Gi, G 2 , • • • , G*,, then G is denoted by U,f =1 G. ( . P n denotes the path on n vertices, 
C n is the cycle on n vertices, and S n is the star consisting of one center vertex adjacent to n — 1 
leaves and T n is a tree on n vertices. 

For a graph G = (V,E), a subset S C V is called independent if no two vertices of S 
are adjacent in G. The set of independent sets in G is denoted by /(G). The empty set is 
an independent set. The number of independent sets in G, denoted by a— index, is called the 
Merrifield-Simmons index in theoretical chemistry. 

The Merrifield-Simmons index [1 — 3] is one of the topogical indices whose mathematical 
properties were studied in some detail [4 — 10] whereas its applicability for QSPR and QSAR 
was examined to a much lesser extent; in [2] it was shown that cr— index is correlated with the 
boiling points. 

In this paper, we investigate the Merrifield — Simmons index of (n,n + 1)— graphs, i.e. , 
connected simply graphs with n vertices and n+1 edges. We characterize the ( n , n + 1)— graph 
with the smallest Merrifield— Simmons index. 

Let Q(Ck, Vi, C m ) be a graph obtained from two cycles Ck and C m which have one common 
vertex; Q(Ck,Vi, Pi,ui,C m ) is obtained from two cycles Ck and C m which are connected by 
one path Py, Q(Pi 1 , P^+Ax, Pk- 2 h-Ax+ 4 ) obtained from two cycles which have one common 
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path. We divide all (n, n+ 1)— graphs with two cycles Ck and G m of lengths k and m into three 
classes. 

(*) Q(Ck,Vi,C m ;n) is the set with n vertices in which two cycles Ck and C m have only 
one common vertex. 

(ii) Q[Ck,v-\_,Pi,u\,C rn \ri) is the set with n vertices in which two cycles Ck and C m 
connected by one path. 

(in) Q(Pi 1 , Pi x +Axi -Pfc- 2 ii-Aic+ 4 ; n) is the set with n vertices in which two cycles have 
one common path. 



§2. Some known results 

We give with several important lemmas from [2 — 10] will be helpful to the proofs of our 
main results, and also give three lemma which will increase the Merrifield-Simmons index. 

Lemma 2.1. ([2]) Let G be a graph with k components Gi, G 2 , • ■ ■ , G*,. Then 
k 

a(G)=Y[a(G i ). 

i= 1 

Lemma 2.2. ([4]) For any graph G with any v £ V(G), we have 
cr(G) = ct(G — v) + a(G — [u]), where [u] = Nq(v ) ]J v. 

Lemma 2.3. ([3]) Let T be a tree. Then F n+ 2 < cr(T) < 2 n_1 + 1 and a(T) = F n+2 if 
and only if T = P n and a(T) = 2 n ~ 1 + 1 if and only if T = S n . 

Lemma 2.4. ([5]) Let n = 4 m + i(i £ {1,2, 3, 4}) and m > 2. Then 
c 7((Pn,V2,T )) > a((P n ,VA,T)) > ■ ■ ■ > a((P n ,V2m+2 P ,T)) > ■ ■ ■ > a((P n ,V 2 m+l,T)) 

> <j((P n , V 3 , T))> a((P n ,Vi,T)), where p = 0 if i = 1, 2 and p = 1 if i = 3, 4. 

Lemma 2.5. Let G is obtained from G which attaches a tree T r+1 at vertex v and G is 
obtained from G which attaches a tree P r +i at vertex v. Then cr(G ) < a(G ) with the equality 
if and only if G = G . 

Proof. If r = 1, the result is correct. We presume that the result is correct if r < fc, if 
r = k + 1, then a(G ) = er(G — u ) + a(G — [it]) = cr(G — u) + a(G — {u, u}) > cr(G ) with the 
equality if and only if G = G . 

The proof is completed. 

Lemma 2.6[11]. Let Go be any one of graphs T, then 

cr(Go - {u,u}) > cr(Go - {M,u}) +cr(G 0 - {[u], [u]}). 

Lemma 2.7. Let Gi be a graph obtained from Go which attaches a path P s . pi at vertex 
u and a path Pt+i at vertex v; G 2 ,G 3 are obtained from Go which attaches a path P s+t+ i at 
vertex u and v, Go is any graph. Then 

ct(G 2 ) < rr(Gi) or cr(G 3 ) < cr(Gi). 

Proof. If u,v are adjacent in Go, then 
cr(Gi) = F s+ 2 Ft+ 2 &(Go — {u, u}) + F s+ 2 F t +icr(Go — [u]) + F s+ iF t + 2 &(Go — [u]) 
cr(G 2 ) = F s+t+2 a(G 0 — {u,u}) + F s+t+2 cr(Go — [u]) + F s+t+ i<r(Go — [u]) 
ct(G3) = F s+t+ 20 '(Go — {u,v}) + F s+t + 20 '(Go — [u]) + F s+t +i<^(Go — [v]) 

Let cr(G 2 ) - ct(G 3 ) = F s+t a(G 0 - [u]) - F s+t a(G 0 - [u]) > 0 and 
er(Go — [u]) = er(Go — [u]) + A(A > 0). Then 



Shengzhang Ren and Wansheng He 



No. 2 



c{Gi) - <t(G 3 ) 

= (-Fs+2-Fi+2~ Fs+t+2)&(Go— {u, v}) + (F s+ 2F t+ i+F s+ iF t +2 — Fs+t+ 3 )o'(Go — [u}) + (F s+ 2Ft+i — 

F s +t+ i)A 

> {F s+ 2F t+ 2 — F s+t+ 2 + F s+ 2F t +i + F s+ iF t +2 — F s+t +3)a(Go — [u]) + ( -F s +2-Fi+i — F s+t+ i)A 

\{Ls+t + 1 - (— l) s ^t-s-i)A > 0. 

If ct(G 2 ) — ct(G 3 ) < 0, the proof is as the same as above. If u, v are not adjacent in Go and u, v 
are connected by one path, then 

cr (Gi) = F s+2 F t+ 2a(Go — {w, u}) + F s+ 2F t+ \a{Go — {u, [u]}) 

+F s+ iF t+ 2<j{GQ — {[u],u}) + i 7 ’ s +iF t+ 1 (j(Go — {[u], [w]}) 
cr(G 2 ) = A s+t+ 2 cr(Go - {u, u}) + F s+t+2 a(G 0 - {u, [w]}) 

+F s+t+1 a(G 0 - {M, c}) +F s+t+ icr(G 0 - {[it], [v]}) 
cr(G 3 ) = A s+t+ 2 cr(G 0 - {u, «}) + A s+ t + 2 cr(G 0 - {[u], u}) 

+F s+t+ ia(G 0 - {u, [v]}) + F s+t+ icr(G 0 - {[it], [v]}) 

Let ct(G 2 ) - <t(G 3 ) = F s+t a(G 0 - [v]) - F s+t a(G 0 - [u]) > 0 and 
er(Go — [u]) = ct(Gq — [«]) + A(A > 0). Then 

cr(Gi) - <t(G 3 ) > F s+2 F t+2 cr(Go - {[u],v}) + F a+ 2 F t+ 2 a(G 0 - {[u], [v]}) 

{F s +iF t + 2 + F s+ 2 F t+ i)a(G 0 — {[«],«}) + -P 1 s +iT+i cr (Go — {[«], [w]}) + F s + 2 F t+1 A 
— [F s +t+ 2 &{Go — {w,i}) + F| 5 +t+ 3 <i(Go — |[u],u}) + F s+t + iA 
+F s+t +icr(G 0 - {[it], HI) 

= {Fs+iFt+2 + F s+ iF t +2 + F s+ 2F t+ 1 — F s+t +^)a{Go — { [it], 17}) 

+{F s+ 2Ft+i — F s + t +i)A + (F s + 2 F t + 2 — F s +iF t +i — F s+t +i)a(Go — {[u], [r>]}) 

= (F s+2 F t+1 - F s + t +i)A + F s F t {a(G 0 - {[it], 17}) - a(G 0 - {[u], [«]})) > 0 . 

If it, v are not adjacent in Go and u, v are connected by one tree, then 
a (Gi) — <t(G 3 ) 

= F s F t (a(G 0 - {it, v}) - cr(G 0 - {[it], u}) - cr(G 0 - {[it], [u]})) + (A s+ 2 F t +i - F s + t +i)A 
From lemma 2.6, we have er(Gi) — er(G 3 ) > 0. The proof is completed. 

From lemma 2.5 and lemma 2.7, we know all (n, n + 1)— graphs with the smallest cr— index 
belong to the follow three classes. 

(*) Q(Ck,vi,C m ) and Ph have one common vertex. 

(ii) Q(Ck, v, Pi,u±, Cm) and Ph have one common vertex. 

(m) Q{Pi 1 , Ph+Ax, Pk- 2 h-Ax+ 4 :) and P h have one common vertex. 



§3. The (n, n+1)— graph with the smallest Merrifield-Simmons 
index in Q(C k ,vi,C m ;n) 



In this section, we will find the (n, n + 1)— graph with the smallest Merrifield-Simmons 
index in Q{Ck,v 1 , G m ; n). and give some good results on orders of a— index. 

Definition 3.1. Let Q(Ck,vi,C m ) be a graph with two cycles Ck and C m which have 
common vertex v\ and Q(Gfc, Vi, C m , v Sl P r +i) be obtained from Q(Ck,v 1 , G m ) and P r +i which 
have one common vertex v s as shown Picture 3.1. 
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Lemma 3.1. ([6]) Let a = 1+ 2 V ^ and (3 = 1 ^ and by definition of Fibonacci number F n 
and Lucas number L n , we know F n = a ^ ,L n = a n +/3 n , F n -F m = ^(L n+m -(-l) n -L m _ n ). 

Lemma 3.2. Let m = 4j + i, i £ {1,2, 3, 4} and j > 2. Then 

& (Q (Pm , V \ , Ck)) ^ Ck(Q(P m , T 3 , Ck)) ^ &(Q(Pm , , ^ 2 ^ 4 - 1 , Ck)) ^ &(Q(Pm , V2j+2p, Ck)) 

< • • • < <j(Q(P m , V 4 , C k )) < cr (Q(P m , v 2 , C k )), where p = 0 if i = 1, 2 and p = 1 if i = 3, 4. 

Proof. Let 1 < s < and from lemma 2.2 and lemma 2.3, we know 

&(Q(Pm, Vs, Ck)) = Fs+lPm— s+ 2 -Pfc+l T F s Fm-s+lFk—l- 
From lemma 3.1, we know 

<j(Q(Pm, V s ,Ck)) = — [(L m +3 + ( — l) S L m _ 2 s+l)Ffe+l + (L m + 1 + ( — l) S+ 1 im- 2 s-l)Pfe-l] 

= g [(im+3-ft+l + L m+ iFk-\) F ( — l) S L m -2s+lFfc-2]- 
From above, we know that the result is correct. 

Theorem 3.1. Let vertex v s is any one of Ck-k ,+ 1 which is one subgraph of 
Q(C'a, 1 ,Ui, Cfe_fc 1+ i,u s ,P„_fc + i) and k - ki + 1 = 4m + i(i G {1, 2,3,4}) and m > 2, then 
&(Q(F^ki , Ti , Ck-ki-i -1 , V\ , Pn— fc+l)) ^ ( Q ( P'k i,^l, Ck — fc 1 4~ 1 , T 3 , Pn — fc 1 ) ) 

> • ■ ■ > a(Q(Ck 1 , V\, Ck—ki+1, V2m+1, Pn—k+l)) F C’(Q(Ck 1 , Ul, U2m+2p, Pn—k+l)) 

> • ■ ■ > 0’((5(C'fc 1 ,Ui,Cfc_fc 1 + i,li 4 ,P„-fc+l)) > cr(Q(Cfc 1 ,Ui,C' fc _ fcl+ i,U 2 ,Pn-fc+l)), 
where p = 0 if i = 1, 2 and p = 1 if * = 3, 4. 

Proof. Cr(o'Q(C , fc 1 , Ui, Ck—kx+l, V s , Pn—k+l)) 

— Pn— k+2(Fki + lPsPk— k\ — s+3 T Pfci — lPs— lPfc — k\ — s+ 2 ) 

TPn— k+l(Pki + lPs— \Fk — k\ — s +2 T F fel _lF s _ 2 P fe - fel - s+ l). 

From lemma 2.2, lemma 2.3 and lemma 3.1, we know 
(j((jQ(Ck 1 , V\ , Ck—ki + 1 , , P n -k-\- 1 ) ) 

= ^{Pra-fc+2[Pfci+l(Pfc-fci+3 + (— l) S+1 Pfc-fci-2s+3) + Pfci -1 (Pfc-fci +1 + (~ l) S Pfc-fci-2s+3)] 
+Pra-fc+l[Pfci + l(Pfc-fci+l + (~ l) S Pfc-fci-2s+3) + Pfci-l(Pfc-fei-l + (~ 1) S 1 Lk-k 1 -2s+3)\}- 
= y{Pn-fc+l[Pfci + l(Pfc-fci+3 + Pfc-fci+l) + Pfci-l(Pfe-fci+l + Lfc-fci-l)] 

5 

+Prt-fc[Pfci + l(Pfc-fci+3 + (~ l) S+ 1 -bfc-fci-2s+3) + Pfc 1 _l(Lfc_fe 1 + l + ( — l) S Lfe_fc 1 _2s+3)]}- 
= g {[Pn-fe+2(Pfe 1 + lPfc-fci+3 + Pfci-lLfc-fei+l) + Pn-fc+l(Pfci + lPfc-fci+l + Pfci -lPfc-fci -1 )] 
+ (-l) S+1 L fc _ fel _2 s+ 3P fcl }. 

From above, we know that the result is correct. 

Theorem 3.2. Let k = 4to + i(i £ {1, 2, 3, 4}) and to > 2, we have 

^(Q(C^ , V\ , Ck +3 , V 2 , Pn-k-\-l ) ) F &(Q(Cq, V\ , Cp+5, V 2 , Pn— /c4-l)) 

> • • • > Cr(< 5 (C , 2 m 4 - 2 p, V\,Ck- 2 m- 2 p+l,V 2 , Pn-k+l)) > &(Q(C 2 m+l,Vl, Ck- 2 m, V2, Pn-k+l)) 

F * * * <t(Q(C§, Vi, Ck— 4, U 2 , Pn— fc 4 -l)) ^ &(Q(C 3 , Ui, Ck— 2, V2, Pn—k+l)) , 

where p = 0 if i = 1, 2 and p = 1 if * = 3, 4. 

Proof. From theorem 3.1, we know Q(Ck x , v±, Ck-^+i, v s , P n -k+\) with the smallest 
a — index if s = 2 and 
&(Q(Cki , V\ , Ck—ki + 1 , V2 , Pn—k+l) ) 

= Pn-k+2(Fk 1 +lFk-k 1 +l + Pfci-lPfc-fci) + Pn-fc4-lPfci4-lPfc-fci • 

= ~^r{F n —k+2 [(Lk+2 F ( — l) kl Lk-2k x ) F (Lfc -1 + ( — l) fcl Lfc- 2 fci 4 -l)] 

+Pra-fc4-l(Pfc4-l + ( — 1) fcl Zjfc_2fci _i ) } . 

From above, we known that the result is correct. 
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Theorem 3.3. Let k = 4 m + i(i £ {1, 2, 3, 4}) and m > 2, then 
v(Q(G 3 ,Vi,C 6 ,V 2 ,Pn-5)) > <T(Q(C 3 ,Vl,C8,V2,Pn-7 )) 

> • • • > <t(Q(C 3 , Vi, C2m+2p, V2, P n -2m-2p+l )) > &(Q(G 3) V l) C2m+1 > ^2 > Pn-2m) ) 

> ••• > Cr(Q(C , 3,^l,C , 5,t;2,Pr ! -6)) > Cr(Q(G 3 ,Vi, C 3 , V 2l P n - 4 ,)) , 
where p = 0 if i = 1, 2 and p = 1 if i = 3, 4. 

Proof. cr(Q(C 3 , vi, C k - 2 ,v 2 , P n -k+ 1 )) 

= Pn — k+^Pk—l “t" Pfi —k+ 2 Pk — 3 

= |[(^n+3 + (— l) fe Ljj-2fc+5) + (L n -1 + ( — l) fe L n _2fc+5)] 

= g[(in+3 + L n -l) + ( — l) fe * 2 * L n _2k+ 3 \- 

From above, we know that the result is correct. 

Corollary 1. If two cycles of (n,n + 1)— graphs have one common vertex, 

Q{C 3 , Vi, C 3 , V 2 , P n -i) is a graph with the smallest a— index. 

§4. The graph with the smallest Merrifield-Simmons index 

in Q(Ck, Pi i Pit P\) C mj p) 

In this section, we will find the (n, n + 1)— graphs with the smallest Merrifield-Simmons 
index in Q(C k , v 3 , Pi, ui, C m \ n). 

Lemma 4.1. Let h > 0 and G be Q(C k , Vi, Pi, u\, Cm) which attaches a path Ph+i at 
vertex u and G\ is Q(C k , v 3 , Pi+h, Ui, C m ), where u is any vertex of P*. Then <j(G) > er(Gi). 

Proof. From Lemma 2.2 and lemma 2.3, we know 
0"(G) = (Fh+ 2 Fs+iFi-s + Fh+iF s Fi_ s _i)Fk+iF m+ i 

+(Fh + 2 F s+ iFi_s_i + Fh+iF s Fi- s - 2 )Fk+\F m -i 
+(Fh+ 2 F s Fi_ s + Fh+iF s _iFi_ s _i)Fk-iF m+ i 
+{Fh+ 2 F s Fi_ s _x + F h+ iF s _iFi_ s _ 2 )Fk-iF m _i 
cr (Gi) = Fi + f l F k+ iF m+ i + Fi + f l -.\F k+ iF. m _i + Fi + f l -iF k _iF m+ i + -Fz+/i-2-Pfc-i-fro-i 

a(G)-a(G 1 ) 

= (Fh+ 2 F s +iFi_ s + Fh+iF s Fi_ s -i — Fi + h)F k +iF m+ i 

+{Fh+ 2 F s+ iFi_ s _i + Fh+iF s Fi - s _2 — Fi + h-i)Fk+iF m _i 
+(Fh+2F s Fi_ s + Fh+iF s -iFi_ s _i — Fi +h -i)Fk-\F m+ i 
+{Fh+ 2 F s Fi_ s _i + Fh+iF s _iFi _ s _2 — Fi + h- 2 )Fk-iF m _i 
= FhPs-iPi-s-2Fk+iPm+i + Fi l F s _iFi_ s _ 3 F k+ iF m _i + F k F s _2Fi_ s _2F k -\F m+ i 
+F/ l F s _ 2 Fi_ s _ 3 F k _iF rn _i > 0. 

The proof is completed. 

Lemma 4.2. Let k = 4j + i(i £ {1,2, 3, 4}) and j > 2, we have 
v(Q(Ck,vi,Pi,Ui,C m ,Vi,Ph)) > a(Q(Ck,v ll Pi,u 1 ,C rn , v 3 ,P h )) 

> • ■ ■ > a(Q(Ck,V 1 ,Pl,U 1 ,C rn ,V 2 j+l,Ph)) > a(Q(C k ,V 1 ,Pl,Ui,C rn ,V 2 j+ 2 p,Ph)) 

i> * * * ^ & (Q (G k , V\ , Pi , u 3 , G m , V 4 , Pi , ) ) &(Q(G k , V\ , P[ ,v,\, C m , V 2 , Ph )) ) 

where p = 0 if i = 1, 2 and p = 1 if i = 3, 4. 

From lemma 2.2 and lemma2.3, we know 
&(Q(G k , Vi , Pi , Ui , G m , V s , Ph )) 
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= Fh+^Fm+iFiFk-s+iFs + Fh+2F m +iFi_iFk-sF s _i + P/^Pm-iPz-iPfc-s+iPs 
+Fh+ 2 Fm-iFi- 2 Fk- s F s -\ + Fh+iF m+ iFiFk- s F s -i + P/i+iPm+iPz-iPfc-s-iPs-2 
+Fh+iF m _iFi-iFk_ s F s _i + F h+1 F m - 1 F l -2F ]e -.- 1 F a -2 
= a + (— l ) s+1 * b* Lfc_ 2 S +i(where a, b are positive constant). 

From above, we know that the result is correct. 

Lemma 4.3. Let Gq is Q{Ck,v\,Pi+h,u\,C m ) and G 5 be obtained from 
Q(Ck,V\, Pi,ui,C m ) which attach a path Ph+i at vertex where v s is a vertex of Ck, we have 
a(G 6 ) < a(G 5 ). 

Proof. From lemma 2.2 and lemma 2.3, we know 
Cr(Gs) = Fh+2F m +lFl + k-i + Fh+2Fm-lFl+k-2 + P/i+lPm+lPfc-lPz + Fh+lFm-lFl-iFk-l- 
v(Gq) — Fk-\-\F m ^-\Fi^.} l 4~ Fk+iFjn—iFi+h—i -t- P&— iPm-f-iPz+Zi — 1 4- Pfc— iPm*— i-^Z+/i— 2 * 
o-(G 5 ) — cr(G 6 ) 

= (Fh+2Fi+k-i + F h+1 Fk-iFi — Fk+\Fi + h — Pfc-iP;+fc-i)P m +i 

+(Fh+2Fi+k-2 + F h+1 Fk-iFi_i — Fk+\Fi + h~i — Pfc-iPz+/i- 2 )Pm-i 
> (F h+ 2Fi +k -i + Fh+iFi+k-2 — Fk+iFi +h+ i)F m _i, 

= ^(Lh+l+k + l + Lh+l + k-l — Lh.+k+l + ( — 1 ) k Li + h-k)F m -i > 0, 

The proof is completed. 

Lemma 4.4. For Q(C k , Vi,P n - k +2, Mi, Cfc_fcJ, we have 
&(Ck,vi, P n -k+2, mi, Gfc-fcJ 

= Fk—ki + lFki-\-iFn—k-\-2FFk—k 1 -\-lFk 1 —iFn—k-\-lFFk—ki — iFk 1 -\-lFn—k-\-lFFk—k 1 — lFk 1 — lF n —k 
Proof. From lemma 2.1 and lemma 2.3, it is proved easily. 

Lemma 4.5. For Q(C k , Mi, P n -k+ 2 , Mi, G fe _ fcl ), we have 

Cr(Q(Ck,V 1 ,P n - k +2, Ml, Gfc-feJ) 

= ^{( F n -k+2Lk+2 + 2F n _k+iLk + F n _kLk- 2 ) + (F n _k+2pk-2 k . 

5 1 

FF n -k+lI J k-2k 1 +2 + F n -k+lLk-2k 1 -2 + F n —kLk—2ki )]}■ 

Proof. From lemma 3.1 and Lemma 4.4, it is proved easily. 

Theorem 4.1. Let [_§ J = 4m + *, i £ {1, 2, 3, 4} and m > 2, then 
Cr((G 4 , Mi, Pn-k+ 2 , Ui, C k -i)) > fx((G 6 , Ml, P n _fc +2 , Ml, Gfc_ 6 )) 

^ ^ M'((C2m-f-2p, Ml, P n -k-\- 2, Ml, Gfc_2m+2/9)) ^ M'((C2m+l> Ml, P n -k-\- 2 i Ml, Ck— 2 m— l)) 

^ ^ (C5 , Mi , P n — k+ 2 5 Ml , Ck—s)') cr((G3 , Mi , Pn— fc-f- 2 1 Ml , Gk—3 ) ) } 

where p = 0 if i = 1, 2 and p = 1 if * = 3, 4. 

Proof. By lemma 4.5, it is proved easily . 

Corollary 1 . (G 3 , Mi, P ra - 4 , Mi, G 3 ) be the (n, n + 1 )— graph with the smallest a — index in 
Q(G k , Mi , Pi , Mi , G m , n) . 

Proof. cr((C 3 , Ml, Pn-k+2, Ml, Cfe_ 3 )) 

= ‘^Fk—2F n —k+2 T Fk—2F n —k+i 4” 3Pk_4P n _fc_|_i 4~ Fk—&F n —k 

= -[3(L ra +2 4- ( — l) fe 1 Pn— 2fc+ 4 ) 4- (fn-1 4" ( — l) fc 1 P n -2fe+3) + 3(Ln-3 + (~ l) fc 1 F n -2k+h) 
4-(Ln-4 4- (— l) fc 1 L ra _2fe+4)], 

From above, we know that the result is correct. 
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§5. The graph with the smallest Merrifield-Simmons index 

in Q(P h: P h+A xi P k 2 1\ 



In this section, we will find the (n, n + 1)— graph with the smallest Merrifield-Simmons 
index in Q(P h , Pi 1+ Ax, Pk-2h-Ax+F n). 

Lemma 5.1. For Q(Q(P h , P h+ Ax, Pk-2h-Ax+i),v a , P r +i), we have 
&(Q(Q(Pli 5 Pli+Ax ; Pk— 2 l\ — Ax+4) i V s i Pr +1 ) ) 

Fl 1 +AxFl 1 (F s F k —2l 1 —Ax—s+5Fr J r 2 T Ps— lPk— 2l 3 — Ax— s+4-Pr+l ) 
+Fl 1 +Ax-lFl 1 -l{Fs-lFk-2L 1 -Ax-s+5Fr+2 + Ps-2-Ffc-22i- Ax- s+4-Pr+l) 

PFi 1 +/± x -iFi 1 — i(F s Fk—2li—Ax—s+4:Fr-\-2 “t" F s — \F k — 2 Zi — Ax— s+3-^r+l) 
+Fl 1 +Ax-2Fl 1 -2{F s _iFk-2L 1 -Ax-s+4:Fr+2 + Ps-2pfc-22i - Ax-s+3-Fj-+1 ) • 

Proof. By lemma 2.2 and lemma 2.3, it is proved easily. 

Lemma 5.2. For Q(Q(P h , P h+ Ax, Pk- 2 h-Ax+ 4 .), v s ,P r+ i), we have 

v(Q(Q{Ph 5 Pli+Axi Pk—2l\ - Ax+ 4 ) 5 : Pr+l ) ) 



r { [P/i-t- Ax-PZi (-bfc — 2Zi — Ax+5 F Fk—2li — Ax+3 F ( 1) Fk—2Li — Ax— 2s+5-^r )] 

5 

+ [Fl 1 +Ax-lFl 1 -l(Lk-2l 1 -Ax+4 F Lk-2l 1 -Ax+2 F (~ F) S L k -2l 1 -Ax-2s+6F r )\ 

+ [Fl 1 +Ax-lFl 1 -i(Lk-2l 1 -Ax+4 F Lk- 2h-Ax+2 F {~1) S+1 Lk-2h-Ax-2s+4F r )} 

+ [Fl 1 +Ax-2Fl 1 -2(Lk-2l 1 -Ax+3 + Lk- 2 l 3 -Ax+l + ( — F) S Lk- 2 l 1 -Ax- 2 s+ 5 F r )]. 

Proof. By lemma 3.1 and lemma 5.1, it is proved easily. 

Theorem 5.1. Let v s is a vertex of Pk- 2 i!-Ax +4 which is a subgraph of 
Q{Q{Pi 1 ,Pi 1 +Ax,Pk- 2 i 1 -Ax+ 4 ),v s ,P r+1 ) and k - 2l x - Ax + 4 = 4m + *, i£ {1,2, 3,4} and 
to > 2, then 

v(Q(Q(Ph 5 ^i+Ax ; Pk—2l\ -As+ 4 ) 5 ^ 1 5 Pr+ 1)) 

^ &(Q(Q(Pli 5 Pli+Ax 1 Pk-2li — Ax-\-4) j ^3 > Pr-\-l )) 

>--->a(Q(Q(P h ,P h+Ax ,P k -2l 1 —Ax-\-4)i v 2m+l, Pr+ 1)) 

5 PZi+AiC} Pk— 2l\— Ax+ 4 ) 1 V 2m-\-2pi Pr-\- 1)) 

-> ’ ’ * ^ &(Q(Q(Pln Pl\-\-/\xi Pk— 21 1 — A 01 + 4 ) 1 ^4 1 Pr-\- 1)) 

) Pl^+^xi Pk—2l\ — ^S.x-\-A)i V 2 1 Pr-\- l))- 
Proof. From lemma 5.5, we know 
&{.Q(.Q{.Pli 5 ^li+Aa; i Pk— 21 1 — Atc+ 4 ) 1 V s 1 Pr-\- 1 ) ) 

= -{[Fh+AxPhiLk^h-Ax+d + ^/c-2Zi-Arr+3 + (-l) s+1 L fc -2i 1 -Ax-2s+5-Pr)] 

+ [Fl 1 +Ax-lFl 1 -i(Lk-2l 1 -Ax+4 + L k -2l 1 -Ax+2 F ( — F) S Lk-2l 1 -Ax-2s+6F r )\ 
F[Fl 1 +Ax-lFl 1 -l{L k -2l 1 -Ax+4 + L k -2l 1 -Ax+2 F ( — l) S+1 -bfc-22f— Ax-2s+4-^)~)] 

+ [Fl 1 +Ax-2Fl 1 -2(Lk-2l 1 -Ax+3 + -bfc-2Zi-Ax+l + (~ L) s L k -2l 1 -Ax-2s+5F r )\- 
— f{\Fi 1 J rAx Fi 1 {L k -2l 1 -Ax+5 F L k — 2 l 1 — Ax+ 3 ) 

+ [fii +A;[ -lfii.|(f k -21i-A I+ 5 + L k -2l 1 -Ax+3) 

+ [Fl i+Ax— 2-Pii— 2(£fc— 2Zi— Ax+3 + ^fc-2li-Ax+l) 

+ ( — l) s+1 I/fc_2ii-Ax-2s+5-fr(-P;i+Ax-l-Fli-2 + -f}i+Ax-2-P}i-l)}- 
From above, we know that the result is correct. 

Lemma 5.3. Let Gs is Q(Pi 1 , Pi 2 , Pi 3 F h) and G 7 is obtained from Q(Pi x , Pi 2 , Pi 3 ) which 
attaches a path Ph+i at vertex u of Pi 3 and h > 0; Then a(Gr) > a (Gs). 
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Proof. cr(Gj) = Pz 1 +2Pz 2 +2Pz 3 +ii+2 + Pzi+iPz 2 +i++/i+i + Pzi+iPz 2 +iPz 3 +iP/i-t-2 
+Fi 1 Fi 2 Fi 3 F h+2 

+<+) = Fi 1+2 Fi 2+2 Fi 3+h+2 + F h+1 Fi 2+ iFi 3+h+ i + Fi 1+ iF h+1 Fi 3+h+1 + F h Fi 2 Fi 3+h 

<j(G 7 ) - a(G 8 ) 

= Fi 1+1 Fi 2+ i(F h+2 Fi 3+ i - Fi 3+h+ i) + Fi 1+1 Fi 2+ i(F h+2 Fi 3 - Fi 3+h ) 

= F h+lFl 2 +l( F h+2Fl 3 +3 - F l 3 +h+2) 

= Fi l+ \Fi 2+ iFhFi 3 > 0 . 

The proof is completed. 

Lemma 5 . 4 . For Q{Pi 1 , Pi 1+ a x , Pk- 2 h-Ax+ 4 .), we have 

a(Q(Ph 5 Pli i Pk— 2li — Aa^+d)) 

= ^ 7 ii+Ax^ 7 ii-Pfe-2ii-Aa-+4 + 2F; 1 +Aa:-l^ r ii-l-Ffc-2ii-Ax+3 + Pji+Ax-2-Fii-2-Ffc-2ii-A:E+2- 
Proof. By lemma 2.2 and 2.3, it is proved easily. 

Lemma 5 . 5 . For Q(Pi 3 , Pi 1+ Ax, Pk- 2 h-Ax+i), we have 
If li > 4, then 

&(Q(Pli 5 ^IpAi) Pk— 2l\— Ax+ 4 )) 

= s[(-+ + -Zi+4 + 2F( 1 _iLfc_z 1+ 2 + Fi 1 - 2 Lk-l 1 ) + { — l) ll+Ax+1 Lk-3l 1 -2Ax+4:Fi 1 _4]. 

If /-| = 2, then 

&(Q(Pli 3 Pl\+ An Pk— 2li~ A3.'+4)) 

= (j(Q(P 2 , P 2 + Ax 3 Pfc-Ax)) 

= §p fc +2 + 2Lfc) + (-l) Ax X fe _ 2A x- 2 ]- 

If l-[ = 3, then 

<j(Q(P 3 , P^+Axi Pk- Ax- 2 )) 

= -[(2Lfc+l + 2Lfc_i + Lfc— 3) + ( — l) A ' 1+4 Lfc-2Aa;-5]- 

Proof. By lemma 2.2, lemma 2.3 and lemma 3.1, it is proved easily. 

Theorem 5 . 2 . For Q{Pi 3 , P/ 1+ Ax, Pn- 2 Z 1 -AX+ 4 ) with n vertices and n — 3Z 4 + 4 = 4?n + i 
and i £ {1,2, 3, 4}, we have 

(1) If h > 4 and Z 4 is even, then 

<?(Q(Ph,Pi 1 — |— 1 ? Pn — 2Z 1 ~ I - 3 ) ) <t{Q{Pu : Pi 1+3 5 Pn — 2Zi+l)) 

-> * &(Q(Pli ? -Pzi+2m+l 1 P n—2l\ — 2ra+2)) ^ &(.Q(.Plii Pli-\-2m-\-3pi Pn— 2l\— 2m— 2p+4)) 

>a(Q(P Zl ,P z i+2 1 Pn — 2Zi+2 )) > a (Q(Pln Pin Pn-2h+4))- 

(2) If l\ > 4 and Z 4 is odd, then 

+Q(-Pzi+Zi+n-2Zi+4)) > Cr(Q(-Pii, -Pii+2, -Pn-2Zi+2)) 

^ ‘ ^ ; Pi i + 2 m+ 2 p: Pn— 2l\ — 2m— 2p+4)) ^ &)Q)Pl\ 3 Pli+2m-kl 3 Pn— 21 ± — 2m+3)) 

> <j(Q(P; 1 , P^+i , P n _ 2 j 1 _|_3)) . 

(3) If Zi = 2, then 

cr(Q(P 2 ,P 4 ,P„_ 2 )) > cr(<3(P 2 ,P 6 ,P„_ 4 )) 

> • • • > a(Q(P 2 , P 2 m+2p+2 ? Pn—2m— 2 p)) > C r {Q{P2> ^2m+3) +i— 2m— l)) 

> ••• > Cr((5(P 2 ,P 5 ,P„_3)) > Cr(Q(P 2 ,P 3 ,Pr l -l)). 

(4) If Z 4 = 3, then 

a(Q(P 3 ,P 3 ,P„- 2 )) > tj(Q(P 2 ,P 5 ,P n -3)) 

^ ‘ ^ Zj(Q(P 3 , P 2 m+2p+3? Pn—2m—2p—2)) ^ zr(l{I(P 2 , P2m-\-Ai Pn—2m—2)) 

> • • ■ > Cr(<2(P3,P 6 ,P„_ 5 )) > Cr(Q(P 3 ,P 4 ,P„_ 3 )). 
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where p = 0 if i = 1, 2 and p = 1 if * = 3, 4. 

Proof. By lemma 5.4, it is proved easily. 

By reckon, the follow unequality is correct. 
v((Ca,Vi,Pn-4,Ui,C 3 )) = 5P n _ 2 . 
a(Q(P 2 ,P 3 ,P n - 1 ))=2F n . 

<t(Q(P 4 , Pp Pn- 4 )) = 3F n - 1 + P n _ 3 . 
a{Q{P 3 , P 4 , Pn- 3)) = 3P„_1 + F n - 3 . 
a(Q(Pe, Pq, P„_ §)) = 64F ra _ g + 50F n _ 9 + 9F n _ w . 
cr (Q(-f > 5) ^6) Pn- 7 )) = 2Fn- 3 + 18F„_5. 

According to theorem 5.2 and lemma 2.1 and lemma 3.1, the follow unequality is correct. 

Corollary 1 . a(Q(P tl , Pq+Ax, Pfc-26-Ax-Ht)) > er(Q(P 2 , P 3 , P„_i)) 
or 0-(<3(Pq,P; 1 + Ax,Pfc-2i 1 -Ax+4)) > C r (Q(P4,P4,P n .-4) = cr(P 3 , P 4 , P„_ 3 )) 

01 a(Q(Pi 1 , Pq+Ax, Pfc-2/i-Ax+4)) P &(Q(Pli 5 P/i + l ) Pn— 2/1+3) ) 

01 a(Q(Pi 1 , Pq+Aau Pfc-2q-Ax+4)) ^ &(Q{Pgi P§i Pn— s)) and 

cr(Q(P 2 ,P 3 ,P„_ 1 )) < cr(Q(P 4 ,P 4 ,Pn- 4 )),cr(( 5 (P 2 ,P 3 ,P n _i)) < cr(Q(P 6 , P 6 , P„_ 8 )) and 
a(Q(P 2 ,P 3 ,P n . 1 ))<a(Q(P h ,P l 1 — 1 ? — 2^1+3))- 

Corollary 2. The (n, n + 1)— graph with the smallest cr— index is < 2 ( 63 , ^i, -P n _ 4 , ^i, C 3 ). 
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Abstract In this paper a failure model of the mixed Inverse Weibull distributions(MIWD) 
is considered and its estimators for all unknown parameters based on type-II and type-I 
censored data are obtained by means of EM-Algorithm. Some simulations suggest that EM 
algorithm is effective to our model. 

Keywords mixed Inverse Weibull distribution, failure model, EM-algorithm, censored data. 



§1. Introduction 

Mixture models play a important role in many applicable fields, such as medicine, psychol- 
ogy research, cluster analysis, life testing and reliability analysis and so on. Mixture distribu- 
tions have been considered extensively by many authors, see Mclachlan and Peel (2000), Seidel, 
Mosler and Alker (2000), Bauwens, Hafner and Rombouts (2007) and so on. Sultan, Ismail and 
Al-Moisheer (2007) discussed the properties and parameters estimation of the mixture model 
of two Inverse Weibull distributions. In this paper we discuss some properties and parameters 
estimation of mixed Inverse Weibull distribution(MIWD) from censored data. The mixture of 
Inverse Weibull distributions has its pdf as 

m 

f(x,v) = ^2Pifi(x,Vi)- (1) 

i = 1 

The pdf of the (i)th component is given by 

fi(x,r]i) = A iO:~ Ai ar (Ai+1) e~ (aix) 

where rj = (p lt ■ ■ ■ ,p m _ x ,ai, • • • ,a m , Ai, • • • = («i, A*), 0 < < 1, i = 1, • • • , m - 

1 Pm = 1 — Pi a i> Ai > Of = 1, 2, • • • , to x > 0, there are 3m — 1 parameters in all. The 

remainder of this paper has the following organization. In section 2, we discuss some properties 
of the MIWD given in (1). In section 3, we consider parameters estimation of the MIWD 
given in (1) under censored data by mean of EM-Algorithm. In section 4, some simulations 
are carried out to illustrate the estimation technique in section 3. In the last section, we draw 
some conclusion about this paper. 



1 The work of the author was supported by National Science Foundation of China (10671032) 
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§2. Some important properties 



Sultan, Ismail and Al-Moisheer (2007) discussed some properties of the mixture of Inverse 
Weibull distributions with two components, such as expectation, variance and failure function 
and so on. In following discussion, some properties of the MIWD with the finite components 
are given. 

If X follows the pdf of the MIWD given in (l),we have the following results: 

(1) EX k =YZ i$r(l-£), k < min{Xi,- ■ ■ , A m }, 

where T(-) is the gamma function. 

(2) The mode and the median of the model (1) are obtained by solving the following 
nonlinear equation with respect to t 

m 

Y^Pi^O‘7 Xi t~ {Xt+2) e~ {ait) ~ Xi [—(A* + 1) + A t a~ x H~ x '] = 0, 

i = 1 



Y^Pie~ {ait) X< = 0.5. 

i=l 

(3) The reliability function and the failure function are given by 

m 

R {t) = 1 - J2Pi e ~ (ait) 

i—1 



r(t) = 



E ra 
i—1 



Pi[X l a i Xi t ( Ai+1 )e Ai ] 



(4) Sultan, Ismail and Al-Moisheer (2007) had proven the class of all finite mixing distri- 
butions relative to the Inverse Weibull distributions is identifiable. In this paper, we suppose 
Ai < • • • < A m as the identifying restriction of model(l). 



§3. Parameters estimation via EM-Algorithm 

The maximum likelihood estimation (MLE) of the failure model (1) for mixed Inverse 
Weibull distribution is hard to obtain because of complexity of its likelihood function. EM- 
Algorithm is to transform the computation of MLE to maximize a so-called Q function. Cen- 
sored data has two censored mechanism including type-I samples and type-II samples. We only 
discuss type-II samples detailedly in the following paper. 

§3.1 For the type-II censored samples 

By carrying failure experiments using n independent samples from model (1) at the same 
time till we obtain r type-II censored samples and their lives are denoted by X\ ■ ■ ■ x r respec- 
tively. Obviously, x\ ■ ■ ■ x r are the complete observation data. The remaining n — r observations 
denoted by x r+ -\ . • • • ,x n are censored data and we have x r +\ = • • • = x n = x r . 

Suppose X = ( Xi,X 2 , • • • ,x n ) are n independent observations of model (1), and denote 

V — (Pi > * * * } Pm— 1) tri , ■ , Otm , Ai , * * * , A m ) , 
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fij = A ia t K Xj (Ai+1) e (QiXj) fj = ^2 pifij , i = 1 , • • • , m,j = 1 , • • • , r, 

i= 1 
m 

Sij = 1 - e “( a i x j) 1 Sj = ^ Pi Sij ,i = !,■■■ ,m,j = r + 1 , • • ■ ,n, 

i=l 

where s x is survival function of life sample, if Xj follows the pdf of model ( 1 ), a indicator vector of 
Xj is given by Ij = ( I 3 j , hj, ■■■ Jm j), where ly is dichotomous variable taking the value 1 if Xj 
comes from the (i)th mixture component, and 0 otherwise. In addition, Ij = ( I\j , I23, ■ ■ ■ , I m j ) 
follows the multiple distribution. But we don’t know which component the observation Xj 
comes form in fact. Namely, Ij is not observable, here we can deem it as the missing data in 
EM algorithm, we denote I = (Ii, ■ • ■ , I n ). 

For the complete observation data Xj, the joint density of Xj and Ij is given by g{xj , Ij \ rj) = 
YliLi{Pifij) Iij ■ Given Xj and 77 , the conditional density of Iij is 

p m— 1 

P(Iij = l\xj,r]) = ^jP-i = 1 , 2 , • • • ,m p m = 1 - ^ p z . 

h i = 1 

For the censored data Xj, the joint density of Xj and Ij is given by g(xj,Ij\ri) = 
nr=i Given Xj and 77, the conditional density of I,j is 

m— 1 

P(Iij = l\xj,p) = = 1 , 2 , • • • ,m Pm = 1 - Pi- 

s i i = 1 

For given initial value 77^ of the unknown parameter vector, we can obtain parameter 
estimators of model ( 1 ) based on EM algorithm via the following two steps. 

E step: Given the ( t — l)th iteration value of 77, the Q function of the (t)th iteration is 



0(771 »? (t_1) ) = E (t-i) [L (r]\X, I) ] 



where 



r m n m 

= Y^2 ( 2j~ 1) iog(p i f l3 )+ 22 22 d ij 1)l °9(pi s ij) 

j = 1 i — 1 j=r -\- 1 i—1 



v (t 1) = {Pi 1] ,"- ,Pm-i> a i 1] ,---,o; ( m 1} ,Af 1} , ■ • • , AG 1} ), 

ft 1} = /«fo (i " 1) )/?" 1) = ‘t X) = 



(t-i) f (t-i) (t-i) (t-D 

Jt-l) _ Pi Jij j(t-l) _ Pi S 



/; 



i i d y 

(t-1) ’ *7 



13 “»J 

1 ) S .. 

*7 



“J ^ 

m— 1 






p^ _1) = 1 - E « 



c*— i) 



j 3 “ 0 i = 1 

M step: We maximize numerically 0 ( 7 7 l r / t_1 ' 1 ) with respect to 77 to update estimates of the 
parameters, denoted by 77G) . First, we have the following results 



dQ 

dpi 



= £( 



i=i 



-V 

Pi 



At- 1) n .(t-1) 

“mj \ 1 ( l i 



At- 1) 



Pi 



=r—)+ £ (- 



j=r+l 



Pi 



1 “ Ei=l Pi 



31 — ), l = !,••• ,m- 1, (2) 



5 Q 



r 




i=i 



A* 

CUk 



A (A kXj')((XkXj') 



-Afc-ll 1 ,(t-l) {^kXj)(oikXj) Xk 

kj 1 _ p (a k Xj)~ x k ’ 

J=r+1 



k = 1, 



, 777., 

(3) 
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= E;=1 - M«**l)( 1 - K^.)-^)] + e;=, + 1 4r 1) (a ^^°ft aj) ’ (4) 



k = 1 , • • • , to . 

Form (2), we obtain 



E- 



Pi L / ^ 

i=i 



(£-1) 



m— 1 



E d m/] + (E^)E 



'Ij 



E 4- x) ] = E 



St- 1 ) 
' Ij 



j=r+ 1 



*=1 1=1 



!=r+l 



1=1 



E 4 

l=r+l 



0—1) 
Ij ’ 



where l = 1, • • • , to — 1. From the above equation, we know the the (t)th iteration value in 
the M-step with respect to parameters pi,- ■ ■ ,p m - 1 is the solutions of the nonlinear equation 
denoted by AP = b , where P, A, b are given by 



P = (Pl,P2,-- ,Pm- 1) 1 



-A — (®£s) ® ts — 



e; = i 

&i 1 



Ji-l) 

C tj 

St- 1) 



l=r+l u tj J 

d (t_1) 

l=r+l u tj 



y-n 

^-'1= 

EL 



[ELi C" 1} ) + EL 



d (t_1) 

j— r+1 mj 



t = S 

t S s 



^(E4r l} + E 4i _1 >E4 + E 4rL-,E«i + E «i) T 

1=1 l=r+l 1=1 !=r+l 1=1 l=r+l 

Because of Ej=i c ti _1 ^ Ej= r +i 4i ^ > Oj t = l,--- ,to — 1, we can obtain that 
rank(A) = m — 1, namely, A is a reversible matrix. Thus, the only solution of parameter 
vector P of the (t)th iteration in the M-step is given by 



p (t) = (pfEE • • • ,pEi) t = A 1& . 



(5) 



Form (3), we have 



afc = 



v r Jt- 1 ) 

=-'1=1 c kj 



V r S*- 1 ) . n ~~ X k I 
Z^7=l L fei 1” Z^7 = 



j(i-l) 



-] fc = 1,2,- •• ,TO. (6) 



l=r+l kj 






i_ e i a Jet- 



Form (4), we have 



At- — 



c (t-1> 

2^ j = i 



EJ=i c !y i d kj 1 ho g (a fc gj)- . 



, fc = 1,2,--- , to. (7) 



we can obtain the (t)th iteration value of a*, and Xk denoted by and X { k tJ for k = 
1,2, ••• , to in the M-step if we choose Xk = X = cqL' * i n formula (6) and At- = 
A[* _1 \afc = a 4 in formula (7), see Seidel, Mosler and Alker (2000). 

We can update ?/ t_ ^ as = (p^ , • • • , p^_ i : , A^ , • • • , A L ) by repeating E 

step and M step till | log{rjS)) — fo<?(7/ <_1 ))l < n • 10 _a (a € IV), see Sultan, IsmailfDAl-Moisheer 
(2007). 



St) 



§3.2 For the type-I censored samples 

By carrying failure experiment using n independent samples from model (1), we obtain 
r type-I censored samples till given time T, and we can get parameters estimation by just 
replacing x r +\ = ■ ■ ■ = x n = T in the place of the type-II censored samples. 
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§3.3 For the complete samples 

By carrying failure experiment using n independent samples from model (1), we obtain n 
complete observation data till all products become invalid, and we can get parameters estimation 
by only letting r = n in the place of the type-II censored samples. 



§4. Simulation 

In this section, we calculate the estimates of unknown parameters of model (1) by using 
EM algorithm in a Monte Carlo simulation. We only compare parameters estimates of the two 
type-II censored data with the complete data for a mixture of two Inverse Weibull distributions. 
We carry out repeated experiments 1000 times under samples of sizes n = 25, 50, 75 for each 
of choice the vector of the unknown parameters. If we denote parameters estimates of the 
(k)th experiment are r] k = (p k , a k , a k , A* , X k ) > the final means and mean square errors(mse) 
of the estimates are respectively given by mearij = j^Ylk°=i r lj mse j = I55o Sl=i (Vj ~ 
mearij) 2 , for j = 1,2, ,m, where r/j is the (j)th coordinate of the unknown parameters 

vector T). The computation results are presented in Tables 1, Tables 2, Tables 3 and Tables 4. 

Table 1: Means of parameters estimation based on EM- Algorithm with two type-II 

censored data 



V — (Pi> a i, a 2, Ai, A 2 ) 


n 


Pi 




QL\ 


mean 

0-2 


Ai 


^2 


(0.7, 2.5, 1,2, 3) 


25 


5.988 E - 


1 


2.672 


1.095 


2.729 


3.572 




50 


6.320 E - 


1 


2.609 


1.084 


2.368 


3.186 




75 


6.U6E - 


1 


2.592 


1.075 


2.244 


3.023 


(0.3, 1,2, 2, 3) 


25 


3.4677? - 


1 


1.038 


2.036 


3.442 


4.133 




50 


3.1997? - 


1 


1.041 


2.003 


2.404 


3.410 




75 


3.109E; - 


1 


1.055 


1.993 


2.199 


3.232 



Table 2: Mse of parameters estimation based on EM-Algorithm with two type-II 

censored data 



77 — (pi , a .\ , ct 2 , Ai , A 2 ) 


n 


Pi 




Oi 




mse 
0 2 




Ai 


^2 


(0.7, 2.5, 1,2, 3) 


25 


3.7487? - 


2 


6.8607? - 


1 


1.2667? — 


1 


2.366 


3.346 




50 


1.4977? — 


2 


2.1357? — 


1 


4.3497? - 


2 


9.4147? - 1 


1.451 




75 


1.0UE- 


2 


1.3247? - 


1 


2.4247? - 


2 


4.9437? - 1 


7.0647? - 1 


(0.3, 1,2, 2, 3) 


25 


1.804 E - 


2 


9.4417? - 


2 


1.8517? — 


1 


6.979 


8.371 




50 


8.1597? — 


3 


3.7687? - 


2 


5.7727? - 


2 


1.288 


1.790 




75 


5.4937? - 


3 


1.9517? — 


2 


2.0817? — 


2 


1.126 


9.9857? - 1 
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From Table 1 and 2, we see EM algorithm is effective to the estimation of the unknown 
parameters of the model ( 1 ) under type-II censored data, and the mean square errors of most of 
estimated parameters decrease as n increases. But we also find that the estimation algorithm 
will be of no effect if there are too much censored data and few samples in our simulations. 

Table 3: Means of parameters estimation based on EM- Algorithm under the complete 

data 



V — (pi) oti, &2, Ai, A 2 ) 


n 


Pi 




di 


mean 

0 L 2 


Ai 


^2 


(0.7, 2.5, 1,2, 3) 


25 


6.005E - 


1 


2.674 


1.094 


2.711 


3.499 




50 


6.3067? - 


1 


2.615 


1.080 


2.367 


3.157 




75 


6.4287? - 


1 


2.598 


1.072 


2.246 


3.049 


(0.3, 1,2, 2, 3) 


25 


3.5517? — 


1 


1.051 


2.044 


2.945 


4.373 




50 


3.2537? - 


1 


1.056 


2.007 


2.307 


3.514 




75 


3.1457? - 


1 


1.056 


1.997 


2.177 


3.267 



Table 4: Mse of parameters estimation based on EM- Algorithm under the complete 

data 



V — {Pi 7 a i , a 2 , Ai , A 2 ) 


n 


Pi 




OL\ 




mse 

C^2 




Ai 


^2 


(0.7, 2.5, 1,2, 3) 


25 


3.1557? — 


2 


5.6537? - 


1 


1.0527? — 


1 


2.205 


2.850 




50 


1.4597? — 


2 


2.0947? - 


1 


4.1927? — 


2 


8.3667? - 1 


1.363 




75 


9.3707? - 


3 


1.1547? — 


1 


2.1697? — 


2 


4.0877? - 1 


7.2367? - 1 


(0.3, 1,2, 2, 3) 


25 


1.9837? — 


2 


6.9127? — 


2 


1.2327? - 


1 


4.657 


1.1977?1 




50 


9.7537? - 


3 


3.3757? - 


2 


5.3097? - 


2 


7.8247? - 1 


3.876 




75 


5.7607? - 


3 


1.9507? — 


2 


2.1757? — 


2 


4.156.E-1 


1.184 



From Table 3 and 4, we see EM algorithm is very effective to the estimation of the unknown 
parameters of the model ( 1 ) under the complete data, and the mean square errors(mse) of 
most of estimated parameters decrease as n increases. In addition, we see that the estimation 
algorithm has better effect from the view of mse than of the type-II censored data at the same 
samples. Therefore, we should do the complete life observations in life experiment as much as 
posssible. 



§5. Conclusion 

We discuss the estimation of the unknown parameters of the mixture of Inverse Weibull 
distributions denoted by model (1) by mean of EM- Algorithm from the type-II censored data 
and type-I censored data, and some Monte Carlo simulations are carried out to investigate the 
performance of the estimation technique in this paper. 
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Abstract This paper deals with the author’s initiation of signed domination functions in 
Relative character Graphs (RC-graphs). Given any finite group G and a subgroup H , one can 
construct a finite, simple, undirected graph Y(G,H). We introduce two canonical functions 
/ and /* from the vertex set V = IrrG into the set { — 1, 1} satisfying the neighborhood 
condition. Then / or /* is called a signed domination function. Those RC-graphs for which 
/ or /* is a domination function is called an RC-signed dominated graph. 

In this paper we prove that all abelian groups (and subgroups), groups giving rise to K n , the 
Frobenius groups with certain special properties are RC-signed dominated. We also study 
those RC-graphs T for which a comparison can be made between a minimum dominating RC- 
graph number 7 _r(T) and the signed domination number ys (T) (In some cases these number 
coincide). Finally certain bounds for are 'yii(T(G, H)) + f yn(T(G, H)) obtained in line with 
similar results for arbitrary graphs obtained by Haas and Wexler. 

Keywords Irreducible characters, RC-graphs, signed domination function. 



§1. Introduction 

Around the year 2000, T. Gnanaseelan, a Ph.D. scholar of Prof. A.V. Jeyakumar, M.K. 
University constructed a finite, simple, undirected graph for any finite group G and any sub- 
group H of G, and called it the Relative Character Graph (shortened as RC-graphs, later [1]). 
Prof. S. Donkin of the Queen Mary College, London wrote in his communication to us that 
“this construction is new and interesting”. Also many later students of Prof. A.V. Jeyakumar 
obtained various other results and ramifications of the original construction. 

Definition 1 . The vertex set V of T(G, H) is the set of all irreducible (complex) characters 
of G and given any subgroup H of G, two vertices a and f3 are adjacent precisely when their 
restrictions an and [3h to H contain atleast one common irreducible character of H. Evidently 
T(G,H) is a finite, simple undirected graph. (For details, see [4]). 

During the year 2005, Prof. A.V. Jeyakumar presented some of these results with some 
more additions on domination at the GDDSA, Yadava College, Madurai [5] and the author 
some more works at the National Conference held at SRM University (2007) [7]. 

The present work is the author’s attempt to connect RC-graphs and the concept of ’signed 
domination’. The background for this new venture is the famous three author book [2], the 
paper of Haas and Wexler [3], and that of S.B. Rao [6]. 
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§2. Domination Functions in RC - Graphs 

Before going into signed domination, we will first revisit Domination Theory of AG-graphs 
in the framework of dominating functions. First recall the following for an arbitrary finite, 
simple graph T = (V,E). 

Given any v £ V, the closed neighbourhood N[v] of v is {u : uv £ E} U {v}. A function 

/ : V — > {0, 1} is a dominating function if f[v] = f( x ) — 1 for all v £ V. 

The weight of /, denoted by f(T) is the sum f( v )- 

The domination number 7(T) is the minimum weight of all dominating functions on T. 

From now let T(G,H) denote the AC-graph of a finite group G and a subgroup H. We 

shall associate a function F : V — > [0, 1] where V = IrrG as follows: Let p £ IrrG. Let 

ipn = Sej0i, a > 0 then {0i} C IrrH. Define 

{ 0 if m(p) = Ee^ is even 
1 if m(p) = Ee,; is odd 

Note that this definition is canonical and the ’best possible’ (atleast for the moment) in the 
framework of AG-graphs. 

An easy example is the following: G = S 3 , H = ((12)). 



r(G,H)= <p 3 




1 = ( Pt 



Now ipi H = 1 jj, P 2 h = 1 Hi f 3 H = Iff + 0, 9 the other non-trivial character of H. 

Then m((pi) = 1, m(tp 2) = 1, m(tp 3) = 2. This in turn gives F(ipi) = F(ip 2 ) = 1, 
F(ip 3) = 0. It is clear that F[u] > 1 for all v £ V. Hence F is a dominating function. 

We immediately encounter a problem. Given any i?C-graph T(G,H), does the function 
F satisfy the basic condition F[ri] > 1 for all v £ V. The answer, to this question is No, in 
general. The following example shows that there are groups and subgroups for which F is not 
a dominating function. 

Let G be the dihedral group of order 2 m for a large m and H the (non-normal) subgroup 
of order 2. There are only 4 linear characters and the rest are all irreducibles of degree 2 j for 
some * > 0. T(G,H) is connected, not a tree and we can always find a ip £ V such that deg 
p = 2 ra , n > 0 and is adjacent to some ipi of degree 2*, i > 0. 

Since H is cyclic of order 2, all these p and ipi must break into linear characters which 
shows that m(p) and m(ipi) are even. Hence F(p), proving that F is not a dominating function. 

Definition 2. A group G is said to be AC'-dominated if F is a dominating function for 
r(G, H) and F is called AG-signed dominating function. 

We shall now study pairs ( G,H ) such that F is an AG-dominating function for r(G, H). 

Theorem 1. Let G be Abelian and H any subgroup of G. Then F is an AG-dominating 
function for T(G, H). 
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Proof of Theorem 1. Let G be Abelian of order g and //. a subgroup of order k. then 
we know that (see [1]) 

1. T(G,H) is a graph with g vertices and has k connected components. 

2. Each component is the complete graph K g /*.. 

Since every p £ IrrG has degree 1, m(p) = 1 for all p. Thus F(p) = 1 and hence 
F[p\ > 1 for all p. Hence F is an i?G-dominating function. 

Theorem 2. If (G, H) is a pair such that T(G, H) is complete, then F is an f?G-dominating 
function. 

Proof of Theorem 2. Since any two ip, ip £ V are adjacent, in particular, tp and 1q are 
adjacent for all tp ^ Iq- Since -F(Ig) = 1, clearly F[tp) > 1 for all p £ V. 

Hence F is an f?G-dominating function. The above situations can occur when 

1. H = { 1). 

2. G is simple and H is cyclic of order 2. (This follows from considering Eigenvalues of p(x) as 
p runs through all the representations of G. for details, see [1]). 

3. Some other situations like G = A$ and H is cyclic of order 3. 

This example may be viewed in the linear groups perspective. If G = PSL( 2, 11) and 
B is the Borel subgroup of order 55, we can prove T(G,B) is f?G-dominating. Also we can 
consider G = PSL( 2, 13) and B the corresponding Boral subgroup of order 78. Again T(G, B) 
is f?G-dominating. In all these cases the right action of G on G/H is doubly transitive. 

Theorem 3. If (G, H) is a pair such that T(G,H) is a tree, then F is f?G-dominating 
function. 

Proof of Theorem 3. In this case the graph is a star and G = NH is Frobenius with N, 
elementary Abelian of order p m for some m ( p a prime) and 0{H) = p m — 1. 

(Recall that G is Frobenius if there exists a non- trivial subgroup H such that HC\H X = (1) 
for all x qL H. Then N = {G— U fP}U{l} is a normal subgroup and G = NH is a semidirect 

x£H 

product). 

We first recall the following properties for G: 

1. Since N is Abelian, deg 6 = 1 for all 9 £ IrrH. 

2. The irreducible characters of G can be partitioned as A\JB where A = {p £ IrrG\Kerp D 
N} and B = {p £ IrrG\Kerp 7$ N}. 

Every element p of A comes as ’pull-backs’ of irreducibles /3 of H. Now since the graph is a 
star, \B\ = 1 and the single element ip £ B. 

Let A = {pi = 1g, P‘ 1 , . . . , p r } and B = {ip}. T(G, H) is of the form 
Then pi H = B\ £ IrrH and hence F(pi) = 1 Vi. Since r(G, H) is a star, F[pi] > 1 
(whatever be F(ip)) and also F[ip\ > 1. Hence F is an RG-dominating function. 

Theorem 4. If G is a non-abelian simple group and H is an abelian subgroup, then F is 
an RG-dominating function. 

Proof of Theorem 4. First note that for any p incident with lg, F[p\ > 1 since 

F(1 G ) = 1. 
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Since G is simple, CoreH = (1) and T(G,H) is connected. By a criterion for connectivity 
(see [1]), we know that ip, ip belong to the some connected component if and only if <p C ipx s ■> 
for some s > 1, where x = 1 the character induced from 1 h to G. Since H is Abelian, every 
irreducible character of H is linear and hence m(ip) = deg <p for any ip € IrrG. If deg tp = odd, 
then F[ip\ > 1. Let deg ip = even. We proceed by induction. If s = 1, <p C ipx- If deg ip is odd, 
we are through. Let deg ip be even. Assume by induction that wherever ip C ipx s ~ 1 deg ip is 
even. 

Now suppose (p C ipXs- Then <p C ipx S_1 • X which implies there exists ij C such 

that r) and ip are adjacent. By induction assumption deg ij is even; and <p C ipx ■ Let deg ip be 
even. We continue this process until we get the following result: every non-linear irreducible 
character of G has even degree, ie., degree divisible by 2. By a result of Thomson, G has a 
normal 2-complement, and in particular, G is not simple, contradiction. 

Hence for any <p, nonlinear, there exist ip £ 1(6) (the induced cover of 9) such that F(ip) = 1 
(where = rQ + . . . . Thus > 1 and hence F is i?C'-dominating for T(G, H)). 



§3. Domination Numbers for RC- graphs 

There are two numbers involved in any i?C-graphs 

1. the usual domination number y(r) (which is the weight of a minimum dominating func- 
tion) 

2. the weight = T,F(ip) of the i?C-dominating function F we can denote the latter by the 
notation 7 q(T(G, H)). 

It is clear that, whenever F is an AC-dominating function, then weight 7 _f(T) > 7(T). 
Supported by several available examples, we propose the following question: 

Conjecture 1. For all pairs (G, H) for which F is an AG-dominating function, 7 g(T(G, H )) 
7 (r(G, H)). 

§4. Signed Domination for RC- graphs 

We shall now turn over attention to the concept of signed domination for AG-graphs: 
First recall that for any graph T, a function / : V — > {—1,1} is a signed dominating 
function if 'R v eN[v] /( u ) — I f° r v ^ V ■ graph V is signed dominated if we assign 

f(v) = 1 for all v € V. The minimum weight w(f) as / varies over all signed dominating 
functions for T is called the signed dominating number of T and is denoted by 7 S (T). 
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Now consider any RG-graph r(G, H). We define two special functions / and f* from the 
vertex set V of r(G, H) into {—1, 1} as follows: 



/O) 



1 if m (ip) is even 
— 1 if m(ip) is odd 



where as before, m((p) = Ee^ if <pn = Ee,A,;, e* > 0 and 9i € IrrH . 



n<p) 



— 1 if m(tp) is even 
1 if m(ip) is odd 



Definition 3. An RG-graph T(G, H) is RG-signed dominated if either f[v\ > 1 or f*[v] > 
1 for all v £ V. 

We immediately see from the following simple example that not all graphs T(G,H) are 
RG-signed dominated. 

Let G = S 3 and H = {(1), (12)}. Then T(G,H) is the following graph: 




deg <p x = deg ip 2 = 1, deg tp 3 = 2. If {6 1 ,9 2 } = IrrH, then = 1 H , <\> 2h = d 2 , 
fen = 01 + 9 2 - 

Hence m(ip i) = m(ip 2 ) = 1 , 771 (^ 3 ) = 2. 

We see that neither of the assignments / nor /* gives an RG-signed domination. 

The rest of this paper is devoted to the study of RG-signed dominated graphs T(G, H). 

Theorem 5. Let r(G,R) be complete. Let r = number of ip-i of even degree and s = 
number of ipi with odd degree. Then if r ^ s, T(G,H) is RG-signed dominated. 

Proof of Theorem 5. Let </?i(= 1 g), f 2 , . ■ ■ ,<p r be the elements of V. Then m(yijj) = 1, 

and since the graph is complete = f(<pi) + f(ip 1 ) H h 1 ) + f(Vi+ 1 ) H f f{<Pr)- 

Hence f[y>i] is a constant for every i, and the same is true for /* also. 

If r > s, then f[tpi] = r — s for all i and if r < s, = s — r and both are > 1. 

Hence, as long asr/s, is RG-signed dominated. 

Remark 1. The condition r ^ s is necessary in fact, for G = PSL( 2, 11), |JrrG| = 8, the 
parity of degree being equal. 

For H = (1) and for any (p, f[tp ] = f*[<p] = 0. Therefore the graph is not RG-signed 
dominated. 

Theorem 6. Let G = NH be a Frobenius group such that H is abelian, of even order. 
Let A and B denote respectively the irreducible characters of G whose kernels contain N and 
whose kernels do not contain N. Put |A| = a and \B\ = b. If b > a, then G is RG-signed 
dominated. 

Proof of Theorem 6. From the character theory of Frobenius groups, we know that 
|A| = \IrrH\ and \B\ = t/h where t + 1 = \IrrN\ and h = O(H). 



Vol. 5 



Signed Domination in Relative Character Graphs 



27 



Since O(H) = [G : V] is even, it is known that N is also Abelian. Also a=\A\ = \IrrH\ = 
0(H ) = h and b = ( 0(N ) - 1 )/h. 

Now every of IrrH can be ’pulled back’ to get an irreducible <p t of G, deg <Pi = 1 for 

all i and A = = 1q, <P 2 , ■ ■ ■ , ¥v}; On the other hand every element ipj £ B 1 is of the form 

ipj = Ind^dj, Oj £ IrrN and deg ipj = [G : N] deg Oj = 0{H ) (since deg Oj = 1 for all j ) 

Therefore as we have seen already Resn^j = Resnilnd^dj), by Mackey’s subgroup the- 
orem, and using deg ipj = 1. 

Since each irreducible of H occurs with multiplicity e, of /3, = deg ipi, we have m(i/jj) = 
T,ei fixed. Also m(ipi) = 1 for all i. 

Case 1: If m(tpj) = Ee^ (fixed) is odd, then f*[x] > 1 for all \ € IrrG. 

Here = +1 for all ipi £ A and = 1 for all ipj £ B. 

Case 2: Let b > a (> 1). Let m(ipj) = Se^ be even. 

Now take / : V — > {—1, 1}. Then (since m((pi) = 1, odd), 
f(ifii) = —1 for all tfii £ A and 

f{ipj) = 1 for all ipj £ B. Since b > a, it follows that 
f[tpi\ = — 1 + b > 1 and 
fbPj\ =b-a> 1. 

Hence T(G,iL) is f?G-signed dominated. 

Remark 2. The condition b > a is necessary, as may be seen by the following example: 

G = D 10 =C 5 -C 2 = N h ■ T(G, H) is 



% 




Here |A| = 2 and \B\ = 2. 

Neither / nor f* is an i?C-signed dominating function, because, m(ipi) = 1 and mpipi) = 2. 
For /,/[1g] = -1 and for /*, /*[Vh] = 0. 

Conjecture 2. If G is a non-Abelian simple group and H is any subgroup of G, then 
T(G, H) is RC - signed dominated. 



§5. RC - Signed Domination Number for RC - graphs 

For those graphs for which for which / or f* is as an i?G-signed dominating function, we 
define the sum as the i?G-signed domination number. 

Classically, the complement of a simple, undirected graph T plays an important role in de- 
termining certain upper bounds. We will first briefly recapitulate some results already obtained 
on i?G-graphs to facilitate our further study. 

Proposition 1. [1] Let G = NH be a semidirect product with N normal. Then T(G', H ) = 
T(G, N) if and only if G is Frobenius with kernal N and complement H. 
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Proposition 2. [4] Let n and q denote respectively the number of vertices and edges of 

r(G, H) . Suppose is not a tree and the right action of G on G/H is doubly transitive. If 

further q <n — IC 2 , then T(G,H) is connected. 

Proposition 3. [4] Let CorecH = n H x = (1) and the right action of G on G/H be 

x£G 

doubly transitive. Then r(G, if) is connected if and only if diam T(G,H) > 3. 

Of course, it is easy to see that T(G,H) need not be another AG-graph T(G, AT), K a 
subgroup. This may be quickly seen from the following example: 



r(S 4 , s 3 ) r(S 4 , s 3 ) 




(The second graph, though identical with the first one graph - theoretically, is not T(S , 4 , K) 
for any subgroup K of S 4 ). 

In this context we state the following result of Gnanaseelan and propose a problem. 

Proposition 4. [1] Let G = NH be a semidirect product with N normal. Then T(G, H ) = 
T(G, N) if and only if G is Frobenius with kernal N and complement H. 

Problem 1. Find all groups G which possess a pair of subgroups H and K such that 
T{G,H) = r(G,A'). Therefore while attempting to study complements of graphs, which are 
AG-signed dominated, we will not bother to check whether the complement graph is also an 
AG-graph. The following facts are quite handy for AG-graphs, which depend, on the results of 
Haas and Wexler [3]. 

Lemma 1. If T is a graph with 7 s (T) = n, then every vertex v € T is either isolated, an 
end vertex or adjacent to an end vertex. 

Theorem 7. For any graph T, 7 s (T) + 7 s (T) > — n — 2 + \/8n + 1. 

From Lemma 1, we immediately get the following proposition: 

Proposition 4. Let T(G, H) be connected which is AG-signed dominated and Jr{T (G, H) = 
\V\. Then T(G, H) is a star. 

Proof of Proposition 4. Since 7 fl(r) = \V\ = 75 (r), by lemma 1 every vertex is 
isolated or an end vertex or adjacent to an end vertex. Hence G is Frobenius, with complement 
H. Otherwise one can prove that the graph is either a triangle or of the form K r with vertices 
sticking to every vertex of K r . The first case gives r(S 3 , (1)) which is not AG-signed dominated. 
The Second case leads only to a star. 

Theorem 8. If T(G, H) is complete and satisfies conditions of Theorem 5 then 7 #(r(G, H )) = 
\r~s |. 

Proof of Theorem 8. From Theorem 5, we get T(G, H) is AG-signed dominated. 

Now 7 ^j(r(G, H)) = positive number = \r — s|. 

Theorem 9. Let G = NH be Froberius with N abelian. Then 7 ^(r(G, H)) = either b + a 
or b — a. 

Proof. Use notations and the proof of Theorem 5. The result follows immediately. 
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Example 1 . G = A4C3 Here 7 _r(T) = & + a= l + 3 = 4. 




Example 2 . G = D\q. 

Then T(G,H) is the usual Frobenius Graph. 

Here 7 fi (r) =4-2 = 2. 

In example 1, 7 s (r) =4 and 7 , S (F) =4 as well so that 7 s (r) + 7 s (r) = 8 > — 6 + x/33, the 
upper bound of Hass et al. 

In example 1, 7 s (r) = 2 > — 1 

In this case jr(T) + 7 fl (r) = 4 - 2 = 7 s (r). 



Conclusion 

We raise the following questions 

1. To know all groups G and subgroups H such that T(G, H ) is i) RC-dominated ii) RC-signed 
dominated would be interesting. 

2. Within the framework of RC-graph, are there functions which give parameters much closer 
to 7 (r) and 7 s (T) than the ones described above? 
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Abstract In this note, we will introduced Smarandache Mukti-Squares which are non- 
associative structures. Arun S. Muktibodh in [2] has defined and studied Smarandache Mukti- 
Squares (SMS) and gave some open problems. We will extend some SMS to Latin squares 
that satisfies in problems propounded by Muktibodh [2]. 

Keywords Quasigroups, Smarandache quasigroups, latin square, non-associative structure 



§1. Introduction 

Smarandache theory is one of the new branches in mathematics that were first defined 
and studied by Prof. F. Smarandache and W. B. Kandasamy. Study of algebraic structers 
and Smarandache algebraic structers is one of the interesting problmes in Smarandache theory. 
In this note, we will introduced Smarandache Mukti-Squares (SMS) which are non-associative 
algebraic structures. Arun S. Muktibodh in [2] define and study Smarandache Mukti-Squares 
(SMS) and gave some open problems. We will extend some SMS to Latin squares that satisfies 
in problems propounded by Muktibodh [2]. First we recall some definitions and theorems. 

Definition 1.1. An n x n array containing symbols from some alphabet of size m with 
to > n is called a square of order n. 

Definition 1.2. A Latin Square of order n is an n by n array containing symbols from 
some alphabet of size n, arrenged so that each symbol appears exactly once in each row and 
exactly once in each column. 

Definition 1.3. If a Latin square L contains a Latin square S properly, then S is called a 
Sub Latin square. 

Definition 1.4. An square in which : 

1. No element in the first row is repeated, 

2. No element in the first column is repeated, 

3. Elements in first row and first column have similar arrange, 
is called a Mukti-Square. 

Definition 1.5. If a square contains a Latin Square properly the square is called a Smaran- 
dache Mukti-Square or SMS. 

Example 1. The following are examples of Mukti-Squares of order 3 with alphabets 
{ 0 , 1 , 2 , 3 , 4 }. 
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0 12 
12 0 
2 0 1 

and 

0 12 

12 3 
2 3 4 

and 

0 12 

13 4 
2 4 3 

Also maybe in other rows or columns we have elemnts that repeated, for example: 



0 12 3 
12 0 3 
2 0 2 3 

is an Mukti-Square with element 3 that repeated in third column. 

In this note we consider Mukti-Squares that have no repeated elements in rows and columns, 
and therefore they have Latin squares structures. Hence we see that because of a latin square 
is equvalent to an quasigroup and vise versa, in quasigroup language, we have only 6 Mukti- 
Square for quasigroups with alphabet {0, 1,2}. Also for quasigroups constructed by useing all 
elements of alphabet {0, 1, 2, 3} we have 96 such Mukti-Square. 



§2. Orthogonal Smarandache Mukti-Squares 

Two SMS are said to be orthogonal if the Latin squares contained in them are orthogonal. 
Therefore for two SMS 



12 3 4 

2 14 3 

3 4 2 1 

4 3 12 



and 
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are orthogonal and we have 



that is an SMS too. 



2 


1 


4 


3 


1 


2 


3 


4 


4 


3 


1 


2 


3 


4 


2 


1 



(1,2) 


(2,1) 


(3,4) 


(4,3) 


(2,1) 


(1,2) 


(4,3) 


(3,4) 


(3,4) 


(4,3) 


(2,1) 


(1,2) 


(4,3) 


(3,4) 


(1,2) 


(2,1) 



§3. Mukti- Squares of order 2 

We investigate some SMS that have one element, without repeatetion, outside of his al- 
phabet. 

For SMS with alphabet A = {0, 1, 2}, let we have 

0 1 

1 a 

with a £ A, and only in one place. Then we can extend this SMS to: 

0 12a 

1 a 0 2 

2 0 a 1 

a 2 1 0 

For SMS with two element outside the alphabet of SMS, for example: 

a 2 

2 b 

with alphabet A, we can contract the following SMS: 

5 2 1a 
2 a b 1 
1 & a 2 

a 1 2 6. 
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For SMS with three element outside the alphabet of SMS: 



0 a 
b c 

we have: 

a 1 0 b c 2 

1 0 a c 2 b 

Ob c 2 a 1 

b c 2 a 1 0 

c 2 b 1 0 a 

2 a 1 0 b c 



Finally for SMS with four element outside of SMS alphabet: 



a b 
c d 

we can extend to the following form: 

0 1 a b 

10 c d 
a b 0 1 

c d 10 



It is obvius that for SMS with one element outside of alphabet that repeated in SMS, for example 



1 a 
a 1, 

construction of Latin square is simpler. Also this construction is simpler for two and more 
element with repeatation. 



§4. SMS of order 3 

In this section at first we recall Theorem 3.3 of [2]. 

Theorem 4.1. A Latin square of order 3 does not posses an SMS. 
proof. ( See [2], Theorem 3.3 ). 

Now let 
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2 10 
10 2 
0 2 1 

be a Latin square. Therefore we see that 

2 1 
1 0 

and 

1 0 
0 2 

and 

0 2 
2 1 



SMS’s that are in Latin squre. 

Theorem 4.2. It is not possible to extend an SMS of order 3 to a Latin square if the Latin 
square contained in the SMS has two elements outside the alphabet of the SMS. 
proof. ( See [2], Theorem 4.3 ). 

It has been practically tried out but could not construct the Latin square. 

Contrexample : 

Let in alphabet {0,1,2} 

0 12 
13 4 
2 4 3 

be an SMS with {3,4} outside of alphabet A. Then 

4 0 12 3 

0 13 4 2 

1 2 4 3 0 

2 3 0 1 4 

3 4 2 0 1 

is a Latin square. Also 
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3 0 12 4 
2 13 4 0 

0 2 4 3 1 

4 3 0 1 2 

1 4 2 0 3 



can be considered for this SMS. 



§5. Answer to Problems and some open problems 

In [2] we have some open problems, that we answer to them in this section. 

1. Can we extend an SMS of order 3 when all the elements of the Latin square contained in 
the SMS are outside the alphabet of the SMS? 

Example 5.1. Let by alphabet A = {0, 1, 2} we have an SMS, such that {3, 4} ^ A. Then 
we have the following SMS: 





0 


1 


2 






1 


3 


4 






2 


4 


3 




Therefore we can construct the Latin square 


as: 






4 


0 


1 


2 


3 


0 


1 


3 


4 


2 


1 


2 


4 


3 


0 


2 


3 


0 


1 


4 


3 


4 


2 


0 


1 


Also we have the following Latin square: 










3 


0 


1 


2 


4 


2 


1 


3 


4 


0 


0 


2 


4 


3 


1 


4 


3 


0 


1 


2 


1 


4 


2 


0 


3 


that can be considered for this SMS. 

Now, let we have an SMS of order 3 such that 


one 


element of the Latin square contained 
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SMS is outside of alphbet A = {0,1,2} of SMS. For example : 



0 12 
12 0 
2 0 3 

with 3 A. Then this SMS can be extended to the following Latin square of order 6 : 



0 1 2 3 4 5 

1 2 0 5 3 4 

2 0 3 4 5 1 

3 5 4 0 1 2 

4 3 5 1 2 0 

5 4 1 2 0 3. 

In other case if 3 ^ A appear in array 0,22 of an SMS. That is 



0 12 
13 0 

2 0 1 . 

Then this SMS can be extended to the following Latin square of order 6: 



0 1 2 3 4 5 

1 3 0 5 2 4 

2 0 1 4 5 3 

3 5 4 0 1 2 

4 2 5 1 3 0 

5 4 3 2 0 1. 

Next, let we consider an SMS of the form 



0 12 
12 0 
2 3 4 



where 3, 4 ^ {0, 1, 2}. Then this SMS can be extended to the following Latin square: 
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0 1 2 3 4 5 

1 2 0 5 4 3 

2 3 4 5 0 1 

3 5 4 0 1 2 

4 5 3 1 2 0 

5 0 1 2 3 4. 

2. Can we extend an SMS of order 4 when one element of the Latin square contained in 
the SMS is outside the alphabet of the SMS? 

Let us consider the following SMS of order 4, with one element outside of alphabet {1, 2, 3, 4} : 

12 3 4 

2 3 4 1 

3 4 12 

4 12a. 

Then we can extend this SMS to the following Latin square: 

1234a567 

234167a5 

34127a56 

412a5673 

a6751234 

57a62341 

6a573412 

7563412a 

3. Can we extend an SMS of order 4 when two element of the latin square contained in 
the SMS are out side the alphabet of SMS? 

To answer this quastion we refree the reader to our last construction. It is easily constructable. 

At the end we consider the following quastions for next works: 

1. Can we construct an algorithm for caculate all SMS of order 3 with alphabet containing n 
element? 

2. Can we construct an algorithm for caculate all SMS of order 4 with alphabet containing n 
element? 

3. Can we write an computer programme for calculating all SMS of order 3? 

4. Can we write an computer programme for calculating all SMS of order 4? 

5. Can we found applications of SMS in cryptography? 

6. Can we found application of SMS in Matroid Theory? 
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7. what is the interpretation of SMS in geometry, probablity, combinatorial theory or other 
sciences? 
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Generalized Fuzzy BF - Algebras 

A. R. Hadipour 

Dept, of Math., Islamic Azad University, Rafsanjan Branch, Rafsanjan, Iran 

Abstract By two relations belonging to (g) and quasi-coincidence ( q ) between fuzzy points 
and fuzzy sets, we define the concept of (a, /3 )~ fuzzy subalgebras where a, /3 are any two of 
{G,q, £ Vq, € Aq} with a A q. We state and prove some theorems in (a, d)-fuzzy BF- 

algebras. 

Keywords 55-algebra, (a, f3 )~ fuzzy subalgebra, fuzzy point. 



§1. Introduction 

Y. Imai and K. Iseki [3] introduced two classes of abstract algebras: RCK-algebras and 
RCJ-algebras. It is known that the class of BCK - algebras is a proper subclass of the class of 
RCJ-algebras. In [11], J. Neggers and H. S. Kim introduced the notion of 5-algebras, which is a 
generalization of RC/v -algebra. In [10], Y. B. Jun , E. H. Roh , and H. S. Kim introduced 517- 
algebras, which are a generalization of RCA'/RCJ/R-algebras. Recently, Andrzej Walendziak 
defined a 55-algebra [14]. 

In 1980, P. M. Pu and Y. M. Liu [12], introduced the idea of quasi-coincidence of a fuzzy 
point with a fuzzy set, which is used to generate some different types of fuzzy subgroups, 
called (a, /3)-fuzzy subgroups, introduced by Bhakat and Das [1]. In particular, {£, £ Vg}-fuzzy 
subgroup is an important and useful generalization of Rosenfeld’s fuzzy subgroup. In this note 
we introduced the notion of (a, /?)- fuzzy 55-algebras. We state and prove some theorems 
discussed in (a, (3 ) -fuzzy 55-subalgebras and level subalgebras. 



§2. Preliminary 

Definition 2.1. [14] A 55-algebra is a non-empty set X with a consonant 0 and a binary 
operation * satisfying the following axioms: 

(I) x * x = 0, 

(II) x * 0 = x, 

(III) 0 * (x *y) = (y * x), 
for all x,y £ X. 



Example 2.2. [14] (a) Let R be the set of real numbers and let A = (R;*,0) be the 
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algebra with the operation * defined by 

[ x if y = 0, 

x*y = l y if x = 0, 

[ 0 otherwise 

Then A is a BF-algebra. 

(b) Let A = [0; oo). Define the binary operation * on A as follows: x * y = \x — y\, for all 
x,y £ A. Then (A; *, 0) is a BF- algebra. 

Proposition 2.3. [14] Let A be a BP-algebra. Then for any x and y in A, the following 
hold: 

(a) 0 * (0 * x) = x for all x £ A; 

(b) if 0 * x = 0 * y, then x = y for any x,y £ A; 

(c) if x * y = 0, then y * x = 0 for any x,y £ A. 

Definition 2.4. [14] A non-empty subset 5 of a TIT- algebra X is called a subalgebra of 
X if x * y £ S for any x,y £ S. 

A mapping / : X — * Y of UF-algebras is called a BF-homomorphism if /( x * y) = 
f(x) * f(y) for all x,y £ X. 

We now review some fuzzy logic concept (see [15]). 

We now review some fuzzy logic concepts (see [2] and [15]). 

Let A be a set. A fuzzy set A on A is characterized by a membership function /j,a '■ X — > 

[0,1]- 

Let / : X — > Y be a function and BF a fuzzy set of Y with membership function y,g. 
The inverse image of BF, denoted by / _1 (B), is the fuzzy set of A with membership function 
Hf-itB) defined by /if-im^x) = /4b (/( a;)) f° r x 6 X. 

Conversely, let A be a fuzzy set of A' with membership function /i^. Then the image of A, 
denoted by /(A), is the fuzzy set of Y such that 

f sup ha(x) if f~ 1 {y) ^ 0 

Vf(A)(y)=< *£f~Yy) 

0 otherwise 



A fuzzy set y of a set X of the form 



Ky) ■= 



t 

0 



if y = x, 
otherwise 



where t £ (0,1] is called a fuzzy point with support x and value t and is denoted by x t . 

Consider a fuzzy point Xt, a fuzzy set /iona set A and a £ {£,q,£ Vq, £ Ac/}, we define 
Xtay as follow: 
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(i) Xt € y (resp. Xtq y) means that y(x) > t (resp. y{x) + t > 1) and in this case we said 
that Xt belong to (resp. quasi-coincident with) fuzzy set /i. 

(ii) Xt G Wqy (resp. Xt G A qy) means that xt G y or Xtqy (resp. i(£/i and Xtqy). 

Definition 2.5. [2] Let y be a fuzzy set of a BE-algebra X. Then p, is called a fuzzy 
SF-algebra (subalgebra) of X if 



li{x *y)> min {y(x),y(y)} 



for all x, y G X. 

Example 2.6. [2] Let X = {0, 1, 2} be a set with the following table: 



* 


0 


1 


2 


0 


0 


1 


2 


1 


1 


0 


0 


2 


2 


0 


0 



Then (X, *, 0) is a SE-algebra, but is not a BC H / BC I / BC X-algebra. 

Define a fuzzy set y : X — > [0, 1] by /z(0) = 0.7, /r(l) = 0.1 and fi( 2) = 0.3. Then fi is a 
fuzzy BF-subalgebra of X. 



Definition 2.7. [2] Let y, be a fuzzy set of X. Then the upper level set U(y; A) of X is 
defined as following : 



U(y; A) = {cc G X | y(x) > A}. 



Definition 2.8. Let / : X — > Y be a function. A fuzzy set y of X is said to be /- 
invariant, if f(x) = f(y) implies that y(x) = y(y), for all x,y G X. 



§3. (ct,/3)- fuzzy .BF-algebras 

From now on X is a SF-algebra and a, j3 G {G,g, G Vg, G Ag} unless otherwise specified. 
By we mean that Xtay does not hold. 

Theorem 3.1. Let y be a fuzzy set of X. Then y is a fuzzy 13 E-algebra if and only if 

*E(l ) 2/t2 G y =$■ {x * 2/)min(ti ,t 2 ) £ Mi (1) 



for all cc, y G X and fi , E G [0, 1]. 
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Proof. Assume that y is a fuzzy BE-algebra. Let x,y £ X and x tl7 yt 2 £ y, for t\,t 2 £ 
[0, 1]. Then y(x) > t\ and y(y) > t 2 , by hypothesis we can conclude that 

y{x * y) > min {y(x),y{y)) > min(ti,i 2 ). 



Hence (x * y)min(t u t 2 ) £ M- 

Conversely, Since x^ x) £ y and y^ y) £ y for all x,y £ X, then (x * y) m in^x),^)) £ M- 
Therefore y(x * y) > min (y(x),y(y)). 

Note that if y is a fuzzy set of X defined by y(x) < 0.5 for all x £ X, then the set 
{x t | x t £ A qy} is empty. 

Definition 3.2. A fuzzy set y of X is said to be an (a,/3)-fuzzy subalgebra of X , where 
a ^ £ A q, if it satisfies the following condition: 

x tl ay, y t2 ay {x * y) mi n( tl ,t 2 )P^ 

for all ti, t 2 £ (0, 1]. 

Proposition 3.3. y is an (g, G)-fuzzy subalgebra of A' if and only if for all t £ [0, 1], the 
nonempty level set U(y;t ) is a subalgebra of X. 

Proof. The proof follows from Theorem 3.1. 

Example 3.4. Let X = {0, 1, 2, 3} be a set with the following table: 



*0123 



0 


0 


1 


2 


3 


1 


1 


0 


3 


0 


2 


2 


3 


0 


2 


CO 


3 


0 


2 


0 



Then (X, *, 0) is a HF-algebra. Let y be a fuzzy set in X defined y( 0) = 0.2, y( 1) = 0.7 and 
y( 2) = y( 3) = 0.3. Then y is an (G, G V(7)-fuzzy subalgebra of X. But 

( 1 ) y is not an (G, G)-fuzzy subalgebra of X since lo.62 £ y and I0.66 £ Mi but (1 * 

l)min( 0 . 62 , 0 . 66 ) = 0 o. 62 £M- 

( 2 ) y is not a ( q , G Vg)-fuzzy subalgebra of X since lo. 4 i(/M an d 2o.77<7Mi but (l* 2 ) m ; n (o. 4 i j o. 77 ) 
3o.4i£ Vg/r. 

(3) y is not an (G Vg, G Vg)-fuzzy subalgebra of X since I0.5 G Wqy and 3o.s £ Vg/r, but 
(1 * 3) m i n (o.5 i o,8) = 0 q.5£ Vqy. 



Theorem 3.5. Let y be a fuzzy set. Then the following diagram shows the relationship 
between (a, /3 )~ fuzzy subalgebras of X , where a, f3 are one of G and q. 
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(a, 




(a, a) 



(a, a A/3) 



and also we have 



(e Vg,£ Vq) 




Proposition 3.6. If /x is a nonzero (a,/3)-fuzzy subalgebra of X, then /x( 0) > 0. 

Proof. Assume that /x(0) = 0. Since /i is non-zero, then there exists x £ X such that 
/i(x) = t > 0. Thus Xtafi for a =£ or a =£ Vq, but (x * a?) m i n (t,t) = 0 tj3fi. This is a contradic- 
tion. Also x± oqjL where a = q, since /x( x ) + l = f + l>l. But {x * cc) m i n (i,i) = 0i/3/x, which is 
a contradiction. Hence /x(0) > 0. 

For a fuzzy set /x in A', we denote the support n by, Ao := {a; £ X \ n(x) > 0}. 

Proposition 3.7. If /x is a nonzero (£, £ Vg)-fuzzy subalgebra of X, then the set Ao is a 
subalgebra of A. 
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Proof. Let x,y £ X 0 . Then y(x) > 0 and y(y) > 0. Suppose that y(x * y) = 0, then 
£ y and y^ y ) £ y, but y{x*y) = 0 < min (y(x),y(y)) and y(x * y) + mm(y(x) , y(y)) < 1, 
i.e (x * y) min(/i(x),Ai(j/))€ Vq/i, which is a contradiction . Hence x * y £ X 0 . Therefore X 0 is a 
subalgebra of X. 

Proposition 3.8. If y is a nonzero (q, £ Vg)- fuzzy subalgebra of X, then the set Xq is a 
subalgebra of X. 

Proof. Let x, y £ X 0 . Then y(x) > 0 and y(y) > 0. Thus y(x) + 1 > 1 and y(y) + 1 > 1 im- 
ply that xi qy and yiqy. If y(x*y) = 0, then y(x*y) < 1 = min(l, 1) and /i(a;*y)+min(l, 1) < 1 . 
Thus (x*y) m in(i,i)S \/qy, which is a contradiction. It follows that y(x*y) > 0 and so x*y £ Xg. 

Theorem 3.9. Let y be a nonempty (a, /3)-fuzzy subalgebra, where a,/3 £ {£,q,£ Vg, € 
A q} and a ^ £ A q. Then X 0 is a subalgebra of X. 

Proof. The proof follows from Theorem 3.5 and Propositions 3.7 and 3.8. 



Theorem 3.10. Any non-zero (q, g)-fuzzy subalgebra of X is constant on Xo- 
Proof. Let y be a non-zero (q, g)-fuzzy subalgebra of X . On the contrary, assume that y 
is not constant on Ao- Then there exists y £ Xo such that t y = y{y) ^ y{ 0) = to- Suppose 
that t y < to and so 1 — to < 1 — t y <1. Thus there exists ti,t 2 £ (0, 1) such that 1 — t 0 < ti < 
1 — t y < t 2 < 1. Then /r(0) + ti = to + ti > 1 and y(y) + t 2 = t y + t -2 > 1. So 0 tl qy and yt. 2 qy- 
Since 

y(y * 0) + min(t! , t 2 ) = y(y) + t 1 =t y + t 1 <l, 

we get that (y * 0) m i n ( tl t2 )g/z, which is a contradiction. Now let t y > t 0 and t 0 1. Then 
y{y) + (1 - t 0 ) = t y + 1 - t 0 > 1, i.e yi- to qy. Since 

y(y * y) + (1 — to) = y{ 0) + 1 — to = to + 1 — to = 1) 

then we get that (2/*y)min(i-t 0 ,i-to)'?A t i which is a contradiction. Therefore y is constant on Xq. 



Theorem 3.11. y is a non-zero (q, q )- fuzzy subalgebra if and only if there exists subalgebra 
S of X such that 



y(x) 



t if x £ S 

0 otherwise 



for some t £ (0,1]. 

Proof. Let y be a non-zero ( q , g)-fuzzy subalgebra. Then by Proposition 3.6 and Theorems 
3.9 and 3.10 we have y( 0) > 0, X 0 is a subalgebra of X and 



I y{ 0) if x £ X 0 

y(x) = < 

I 0 otherwise 

Conversely, let Xt 2 qy and yt^qy, for ti,t 2 £ (0, 1], Then y{x) + ti > 1 and y(y) + 1 2 > 1 imply 
that y(x) ^ 0 and y(y) ^ 0. Thus x,y £ S and so x * y £ S. Hence y(x * y) + min(ti,t 2 ) = 
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t + min(fi, f 2 ) > 1- Therefore /z is a (g, q )- fuzzy subalgebra of X. 



Theorem 3.12. y, is a non-zero (q, g)-fuzzy subalgebra of X if and only if U (/z; /z(0)) = X 0 
and for all t £ [0, 1], the nonempty level set XJ{y\ t) is a subalgebra of X. 

Proof. Let /z be a non-zero (g, g)-fuzzy subalgebra. Then by Theorem 3.11 we have 



fi(x) 



/z( 0) if lelj 

0 otherwise 



So it is easy to check that U(y; /z(0)) = A' 0 . Let x, y £ U(y; t), for t £ [0, 1]. Then y(x) > t and 
y(y) > t. If t = 0, then it is clear that x * y £ t/(/z; 0). Now let t £ (0, 1]. Then x,y £ X 0 and 
so x * y £ X 0 . Hence y(x * y) = /z(0) > t. Therefore C/(/z; t) is a subalgebra of X. 

Conversely, since C/(/z;/z( 0)) = X 0 and 0 £ C7(/z; /z(0)), then A 0 is a subalgebra of X. Also 
U(fx; /z(0)) = A() and 1/0 imply that /i is non-zero. Now let x £ A 0 . Then /z(a;) > y,( 0) and 
/z(x) > 0. Since C/(/z; /z(a;)) ^ 0, so C/(/z; /z(x)) is a subalgebra of X. Then 0 £ C/(/z; /z(a:)) imply 
that /z(0) > /z(x). Hence /z(x) = /z(0), for all x £ X 0 i.e 

f /z(0) if x £ X 0 
fi{x) = < 

0 otherwise 



Therefore by Theorem 3.11 /z is a (g,g)-fuzzy subalgebra of X. 



The following example shows that the condition ” C/(/z; /z( 0)) = X 0 ” is necessary. 



Example 3.13. Let X = {0, 1, 2, 3} be HE-algebra in Example 3.3. Define fuzzy set /z on 
X by 

/z(0) = 0.6, /z(l) = /z(2) = /z( 3) = 0.3 
Then X 0 = X, C/(/z; /z(0)) = {0} / X 0 and also 

{ X if 0 < t < 0.3 
{0} if 0.3 < t < 0.6 
0 if t > 0.6 

is a subalgebra of X', while by Theorem 3.11, /z is not a (g, <?)-fuzzy subalgebra. 



Theorem 3.14. Every (q, g)-fuzzy subalgebra is an (£, £)-fuzzy subalgebra. 
Proof. The proof follows from Theorem 3.12 and Proposition 3.3. 



Note that in Example 3.13 fi is an (£,£)-fuzzy subalgebra, while it is not a (g, g)-fuzzy 
subalgebra. So the converse of the above theorem is not true in general. 



Theorem 3.15. If y is a non-zero fuzzy set of X. Then there exists subalgebra S of X 
such that /z = xs if an( l on ly if A 4 4S an ( a ) /3)-fuzz y subalgebra of X, where (a, /?) is one of the 
following forms: 
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0) fefe, 

(iii) fee), 

(v) (e Vg,g), 
(vii) (G Vg,£). 



(ii) (G, G Ag), 
(iv) (g,£ Ag), 
(vi) (G Vg,£ Ag) 



Proof. Let y = xs- We show that /x is (G,G Ag)-fuzzy subalgebra. Let x tl G y and 

x* 2 £ y, for t\,t 2 £ (0,1]. Then /x(x) > ti and y{y) > t 2 imply that x,y £ S. Thus 

x * y £ 5, i.e y(x * y) = 1. Therefore /i(x * y) > min(ti,t 2 ) and y{x * y) + min(ti,t 2 ) > 1, 
i.e (x * y)min(ti,t 2 ) e Ag/i. Similar to above argument, we can see that y is an (a, /?)- fuzzy 
subalgebra of X, where (a, /3) is one of the above forms. 

Conversely, we show that y = Xx 0 - Suppose that there exists x £ X 0 such that y{x) < 1. 
Let a =£, choose i £ (0,1] such that t < min(l — y(x), y(x), y( 0)). Then x t aii and 0 t oty , 

but (x * 0) m i n ( tjt ) = Xt(3y, where j3 = q or f3 =£ Ag. Which is a contradiction. If a = g, then 

Xia/i and Oia/r, while (x * 0) m ; n ( ljl ) = X\ f3y where (3 =£ or (3 =£ Ag, which is a contradiction. 
Now let a =£ Vg and choose t £ (0, 1] such that Xt £ y but Xtg/i. Then Xt.ay and 0i ay 
but (x * 0) m j n ( ti i) = Xt(3n for (3 = q or (3 =£ Ag, which is a contradiction. Finally we have 
Xi £ Vg/it and 0i £ Vg/i but (x*0) m i n (u) = Xi£/i, which is a contradiction. Therefore /r = xx 0 - 

Theorem 3.16. Let S' be a subalgebra of X and let /j be a fuzzy set of X such that 

(a) n(x) = 0 for all x £ X\S, 

(b) > 0.5 for all x £ S. 

Then y, is a (g, £ Vg)-fuzzy subalgebra of X. 

Proof. Let x,y £ X and t -[ , t 2 £ (0,1] be such that x tl qy and y t2 qy. Then we get that 
y(x) + 1\ > 1 and y(y) + t 2 > 1. We can conclude that x * y £ S, since in otherwise x £ X\S 
or y £ X\S and therefore ti > 1 or ^ > 1 which is a contradiction. If min(ti, t 2 ) > 0.5, then 
fex*y)+min(ti,t 2 ) > 1 and so (x*y) m ; n ( tlit2 )g/i. Ifmin(ti,t 2 ) < 0.5, then y(x*y) > min(ti,t 2 ) 
and thus (x * y) mi „( tlit2 ) £ y. Hence (x * y) min (t 1 ,t 2 ) £ Vg/x. 

Theorem 3.17. Let y be a (g, £ Vg)-fuzzy subalgebra of X such that y is not constant 
on the set AV Then there exists x £ X such that y(x) > 0.5. Moreover, y(x) > 0.5 for all 
x £ X 0 . 

Proof. Assume that y(x) < 0.5 for all x £ X. Since y is not constant on X 0 , then 
there exists x £ X 0 such that t x = y(x) ^ y{ 0) = to- Let t 0 < t x . Choose <5 > 0.5 such 

that to + 6 < 1 < t x + 5. It follows that xsqy , y(x * x) = y{ 0) = to < 5 = min((5, (5) and 

y{x * x) +min(<5, (5) = /x(0)+5 = to + S < 1. Thus (x * x) m i n ( 5 j 5 )£ Vg/i, which is a contradiction. 
Now, if t x < to then we can choose 8 > 0.5 such that t x + S < 1 < to + 8. Thus Ogqy and 
Xig/i, but (x * 0) m j n (i ) 5) = xsG Vqy , because y(x) < 0.5 < 8 and y(x) + 8 = t x + <5 < 1, which 
is a contradiction. Hence y(x) > 0.5 for some x £ X. Now we show that y( 0) > 0.5. On the 
contrary, assume that y( 0) = to < 0.5. Since there exists x £ X such that y(x) = t x > 0.5, it 

follows that to < t x . Choose ti > to such that to + ti < 1 < t x + t\. Then y{x) + ti = t x + t\ > 1, 

and so x t qy. Thus we can conclude that 



y(x * x) + min(ti, ti) = y( 0) + ti = to + ti < 1 



Vol. 5 



47 



Generalized Fuzzy B F- Algebras 



and 



/ x(x * x) = /x( 0) = to < ti = min(ti,ti). 



Therefore (x * x) m i n (ti,ti)S Vg/x, which is a contradiction. Thus /x( 0) > 0.5. Finally we prove 



0 < t < 0.5 such that t x + t < 0.5. Then / x(x ) + l=t x + l>l and /x( 0) + (0.5 + 1) > 1, imply 
that Xi g/x and Oo. 5 +tg/x. But (x * 0) m i n ( l o . 5 +t) = x o. 5 +t£ Vg/x, since /x(x * 0) = /x(x) < 0.5 + t 
and /x(x) + 0.5 + 1 = t x + 0.5 + 1 < 0.5 + 0.5 = 1. Which is a contradiction. Therefore /i(x) > 0.5 
for all x £ X 0 - 

Theorem 3.18. Let /x be a non-zero fuzzy set of X. Then /x is a ( q , £ Vg)- fuzzy subalgebra 
of X if and only if there exists subalgebra S oi X such that 



level set U (/x; t) is a subalgebra of X , for all t £ [0, 0.5]. 

Proof. If n is constant on A'o, then by Theorem 3.11, /x is a (g, g)-fuzzy subalgebra. Thus 
by Theorem 3.12 we have the nonempty level set ?7(/x;t) is a subalgebra of X , for t £ [0,1]. 



Now we show that the nonempty level set t/(/x; t) is a subalgebra of X for t £ [0, 0.5]. If t = 0, 
then it is clear that t/(/x;t) is a subalgebra of X. Now let t £ (0,0.5] and x,y £ U(/j;t). Then 
/x(x), /x(y) > t > 0 imply that x,y £ X 0 . Thus x * y £ X 0 and so fi(x * y) > 0.5 > t. Therefore 
x*y £ U(/x;t). 

Theorem 3.20. Let y be a non-zero fuzzy set of X, t/(/x;0.5) = Xq and the nonempty 
level set /7(/x; t) is a subalgebra of X, for all t £ [0, 1]. Then /x is a (g, £ Vg)- fuzzy subalgebra 



Proof. Since /i/Owe get that X' 0 ^ 0. Thus by hypothesis we have U(/u; 0.5) / 0 and 
so X 0 is a subalgebra of X. Also /x(x) > 0.5, for all x £ X 0 and /x(x) = 0, if x qL X 0 . Therefore 



that /x(x) > 0.5 for all x £ X' 0 . On the contrary, let x £ X 0 and t x = /x(x) < 0.5. Consider 




for some a £ (0, 1] 

Proof. Let /x be a (g, £ Vg)- fuzzy subalgebra of X. If /x is constant on X 0 , then 



/x(x) 



/x(0) if x £ X 0 



0 otherwise 



If /x is not constant on Xq, then by Theorem 3.17 we have 




> 0.5 if x £ X 0 

) otherwise 



Conversely, the proof follows from Theorems 3.11, 3.5 and 3.16. 



Theorem 3.19. Let /x be a non-zero (g, £ Vg)-fuzzy subalgebra of X. Then the nonempty 



If /x is not constant on Xq, then by Theorem 3.17, we have /x(x) 




of X. 



48 



A. R. Hadipour 



No. 2 



by Theorem 3.16, y is a (q, £ Vq)-fuzzy subalgebra of X. 

Theorem 3.21. A fuzzy set y of X is an (£, £ Vg)-fuzzy subalgebra of X if and only if 
y{x*y) > min(/i(x), y(y), 0.5), for all x,y £ X. 

Proof. Let y be an (£,£ Vg)-fuzzy subalgebra of X and x,y £ X. If y(x) or y(y) = 0, 
then y(x*y) > min(/i(x), y{y), 0.5). Now let y(x) and y(y) ^ 0. If min(/r(x), y(y)) < 0.5, then 
y{x * y) > min (y(x),y(y)). Since, assume that y(x * y) < min (y(x),y(y)), then there exists 
t > 0 such that y{x * y) < t < min (y(x),y(y)). Thus x t £ y and y t £ y but (x * y) m in(t,t ) = 
(x*y) t £ Vg/i, since y(x*y) < t and y(x*y) +t < 1 < 2t < 1, which is a contradiction. Hence if 
min (n(x),n(y)) < 0.5, then y{x *y)> min (y(x),y(y)). If min (y(x),y(y)) > 0.5, then X 0.5 £ y 
and 2 / 0.5 € y- So we can get that 

{x * y) rnin(0.5,0.5) = * 2/)o.5 € Vqy. 

Then y(x * y) > 0.5. Consequently, y(x * y) > min(/i(x), y(y), 0.5). for all x, y £ A'. 

Conversely, let x, y £ X and ti , <2 G (0,1] be such that x tl £ /r and y t2 £ y. So /r(x) > t\ 
and n(y) > f 2 . Then by hypothesis we have y(x * y) > min(/x(x), y(y), 0.5) > min(ti, i 2 , 0.5). 
If min(ti,t 2 ) < 0.5, then y(x * y) > min (y(x), y(y)). If min(fi,f 2 ) > 0.5, then y(x * y) > 0.5. 
Thus y(x *y)+ min(H, t 2 ) > 1- Therefore (x * y) m i n ( tl ,t a ) e Vg/i. 

Theorem 3.22. Let y be an (£,£ Vg)-fuzzy subalgebra of X. 

(i) If there exists x £ X such that y{x) > 0.5, then /i( 0) > 0.5. 

(ii) If y(0) < 0.5, then y is an (£, £)-fuzzy subalgebra of X. 

Proof, (i) Let y(x) > 0.5. Then by hypothesis we have y(0) = y(x*x) > min(y(x), y(x), 0.5) 
0.5. 

(ii) Let y(0) < 0.5. Then by (i) y(x) < 0.5, for all x £ X. Now let x tl £ y and y t2 £ y, 
for ti,f 2 £ (0,1]. Then y{x) > t\ and y(y) > f 2 . Thus y(x * y) > min(/x(x), y(y), 0.5) > 
min(ti, t 2 , 0.5) = min(fi,f 2 ). Therefore (x * 2/) min (t 1 ,t 2 ) £ y- 



Lemma 3.23. Let y be a non-zero (£,£ Vg) fuzzy subalgebra of X. Let x,y £ X such 
that y(x) < y(y). Then 

f y(x) if y{y) < 0.5 or y(x) < 0.5 < y(y) 
y{x * y) = < 

> 0.5 if y{x) > 0.5 

Proof. Let y(y) < 0.5. Then we have y(x * y) > min(^(x), y(y), 0.5) = y(x). Also 
y(x) = y((x *y)*( 0 * y)) > min {y(x * y),y( 0 * y), 0.5} (1) 

Now we show that y(0*y) > y(y)- Since y(y) < 0.5, then /i(0) = y(y*y) > min {y(y), y(y), 0.5} = 
y{y). Thus y(Q * y) > min{/i(0), y(y), 0.5} = y(y). Hence (1) and hypothesis imply that 
y{x) > min {y(x*y), y(y)}. Since y(x) < y(y), then y(x) > y(x*y). Therefore y(x*y ) = y(x). 
Now let y{x) < 0.5 < y{y). Then similar to above argument y(x * y) > y{x) and y(x) > 
min {y{x * y),y ( 0 * y),0.5}. Since y{y) > 0.5, then by Theorem 3.22(i), /x(0) > 0.5. Thus 
y( 0 * y) > min{/i(0), y(y),Q.5} = 0.5. So by hypothesis we get that y(x) > min{/j(x * 2 /), 0.5}. 
Thus y(x) < 0.5 imply that y(x) > y(x * y). Therefore y(x * y) = y(x). Let y(x) > 0.5. Then 
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y{x * y) > min(/Li(a;), y(y), 0.5) = 0.5. 

Theorem 3.24. Let y be an (G,G Vg)-fuzzy subalgebra of X. Then for all t £ [0,0.5], 
the nonempty level set U (y, t) is a subalgebra of X. Conversely, if the nonempty level set y is 
a subalgebra of X, for all t £ [0, 1], then y is an (G, £ Vq)-fuzzy subalgebra of X. 

Proof. Let y be an (£, £ Vq)- fuzzy subalgebra of X. If t = 0, then U(y; t) is a subalgebra 
of X. Now let U(y; t) ^ 0, 0 < t < 0.5 and x,y £ U(y,t). Then y(x),y{y) > t. Thus by 
hypothesis we have y(x * y) > min(/Lx(x), y(y), 0.5) > min(f,0.5) > t. Therefore U(y,t) is a 
subalgebra of X. 

Conversely, let x, y £ X. Then we have 

Kx),y{y) > min(/x(a:) , y(y) ,0.5) = t 0 

Hence x,y £ U(y;t 0 ), for t 0 £ [0,1] and so x * y £ U(y;t 0 ). Therefore y(x * y) > t 0 = 
min(/x(a;), l-i(y), 0.5), i.e y, is an (£,£ Vg)-fuzzy subalgebra of X. 

Theorem 3.25. Let S' be a subset of X. The characteristic function Xs of S is an 
(G, £ Vq )- fuzzy subalgebra of X if and only if S' is a subalgebra of X. 

Proof. Let Xs be an (e, £ Vq )- fuzzy subalgebra of X and x,y £ S. Then Xs( x ) = 1 = 
Xs(y), and so xi £ Xs and y\ £ xs- Hence (x*y)i = (x*y) m i n ^^ £ Vqxs, which implies that 
Xs( x *y) >0. Thus x *y £ S. Therefore S is a subalgebra of X. 

Conversely, if S is a subalgebra of X, then xs is an (£, G)-fuzzy subalgebra of X. So by 
Theorem 3.5 we get that y is an (£, £ Vq ) -fuzzy subalgebra of X.\3 

Lemma 3.26. Let / : X — ► Y be a HF-homomorphism and G be a fuzzy set of Y with 
membership function yc- Then x t ayj- i^c) f( x )tOtyGi f° r all a £ {G, q, £ Vq, £ Aqj. 

Proof. Let a =£. Then 

x t ay f -i (G ) y f -i( G )( x) > t W y G (f(x)) > t AV ( f(x)) t ay G 

The proof of the other cases is similar to above argument. 

Theorem 3.27. Let / : X — > Y be a SF-homomorphism and G be a fuzzy set of Y with 
membership function y G . 

(i) If G is an {a, /3)-fuzzy subalgebra of Y, then f~ 1 (G) is an (a, /?)- fuzzy subalgebra of X, 

(ii) Let / be epimorphism. If f~ 1 (G) is an (a,/3)- fuzzy subalgebra of X, then G is an 
(a, /3)-fuzzy subalgebra of Y. 

Proof, (i) Let xtayf- i( G ) and y r ayf- i(G), for t,r £ (0,1]. Then by Lemma 3.26, we 
get that ( f(x)) t ay G and (f(y)) r ay G . Hence by hypothesis (/( x) * f(y)) m i n (t,r)/3y G - Then 
(f(x * y))min(t,r)0y G and SO (X * y)mm(t,r)fiyf- l ( G y 

(ii) Let x,y £Y. Then by hypothesis there exist x , y £ X such that f(x ) = x and f(y ) = 
y. Assume that Xtay G and y r ay G , then (f(x ))tay G and (f(y )) r ay G . Thus x t ayj- i( G ) and 
y' r ayf-i( G ) and therefore (x * y )min(t,r)Pyj-V G )- So 

( f (x * y ))min (t,r)fly G ^ (f ) * f (y ))min(f ,r)/^MG' * 2/)min(f,r)/^MG- 
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Theorem 3.28. Let f : X Y be a FF-homomorphism and H be an (G,G Vg)- fuzzy 
subalgebra of X with membership function yn- If yn is an /-invariant, then f(H) is an 
(G, £ Vg)-fuzzy subalgebra of Y. 

Proof. Let y\ and y 2 £ Y. If or f~ 1 (y 2 ) = 0 , then M/(ff)(z/i*2/ 2 ) > min(y f(H) (y 1 ) : y f{H) (y 2 ),0.5). 

Now let f~ 1 (yi) and f~ 1 {y 2 ) / 0 - Then there exist X\,X 2 £ X such that f(x i) = y\ and 
f(x 2 ) = y 2 . Thus by hypothesis we have 

yf(H)(yi*y2)= sup y H (t) 

t£f~ 1 (yi*y2) 

= sup y H (t) 

= [ 1 h(x 1 * x 2 ) since yn is an /-invariant 

> m\n(y H (x 1 ), y H {x 2 ), 0.5) 

= min( sup yn(t), sup /i#(t), 0.5) 

*6/ _1 (yi) tef~ 1 (y 2 ) 

= min(/r /(ff) (yi),/r /(ff) (?/ 2 ),0.5) 

So by Theorem 3.21, /(if) is an (£, £ Vg)-fuzzy subalgebra of Y. 



Theorem 3.29. Let / : X — > Y be a /if ’-homomorphism. 

(i) If S' is a subalgebra of X, then /(S) is a subalgebra of Y, 

(ii) If S' is a subalgebra of Y, then / _1 (S ) is a subalgebra of X. 
Proof. The proof is easy. 



Theorem 3.30. Let / : X — > Y be a FF-homorriorphism. If H is a non-zero (q, g)-fuzzy 
subalgebra of X with membership function yn, then f(H) is a non-zero ( q , g)-fuzzy subalgebra 
of Y. 

Proof. Let if be a non-zero (q, q)- fuzzy subalgebra of X. Then by Theorem 3.10, we have 

, . [ yn{ 0 ) if X £ Xo 

= < 

0 otherwise 



Now we show that yf(H)iy) = 



Mff(0) if y £ /(X 0 ) 

0 otherwise 



Let y G y. If y G /(Xo), then there exist x G X 0 such that /(a;) = y. Thus yf(H){y ) = 

sup yii(t) = /Xff(0). If y qL /(Xo), then it is clear that yf( H )(y) = 0- Since X 0 is subal- 
i^f~ x (y) 

gebra of X, then /(X 0 ) is a subalgebra of Y. Therefore by Theorem 3.11, /(if) is a non-zero 
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Theorem 3.31. Let / : X — > Y be a BF-homorriorphism. If H is an [a. /3)-fuzzy subal- 
gebra of X with membership function y#, then /(if) is an {a, (3 )- fuzzy subalgebra of Y, where 
(a, 0) is one of the following form 



0) (G,«), 

(iii) fee), 

(v) (G Vg,g), 
(vii) (G Vg,G), 



(ii) (G, G Ag), 

(iv) (g,G Ag), 

(vi) (G Vg, G Ag), 
(viii) (g,G Vg). 



Proof. The proof is similar to the proof of Theorem 3.30, by using of Theorems 3.15 and 

3.18. 



Theorem 3.32. Let / : X — > Y be a BF-homomorphism and H be an (G,G)-fuzzy 
subalgebra of X with membership function /iff- If H rr is an /-invariant, then f(H) is an 
(G, G) -fuzzy subalgebra of Y . 

Proof. Let z t G Hf(H) and Vr € y f(H)i where t, r G (0,1]. Then Hf(H){ z ) > t and 
Hf(H){y) > r. Thus f~ 1 {z),f~ 1 (y) / 0 imply that there exists X\,X2 G X such that f(x i) = 2 
and f(x 2 ) = y. since y# is an /-invariant, then Hf(H)( z ) > t and r imply that 

Hh{x{) > t and y/f/a: 2) > r. So by hypothesis we have 

Hf(H)(z*y)= sup yjr(t) 

tef~ 1 (z*y ) 

= sup HH0) 
tef~ 1 (f(x 1 *x 2 )) 

= hh{xi * x 2 ) 

> min(t, r) 



Therefore (z * y) m in(t,r) G y-f(H), he /(#) is an (G, G)-fuzzy subalgebra of Y. 

Theorem 3.33. Let {y^ | i G A} be a family of (G,G Vg)-fuzzy subalgebra of X. Then 
M := n Hi is an (G, G Vg)-fuzzy subalgebra of X. 

ie A 

Proof. By Theorem 3.21 we have, for all i G A 

> min(/Xj(a;), yj(y), 0.5) 

Therefore y(cc *y) = inf fii{x * y) > inf min(yjhr), /fey), 0.5) 

ieA ieA 

= min (inf yi(ir), inf yj(y), 0.5) 
ie A ieA 
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= min(/i(ar),/i(y),0.5) 

Therefore by Theorem 3.21, y is an (£,£ Vg)-fuzzy subalgebra. 



Theorem 3.34. Let {/i^ | i £ A} be a family of (g,e)-fuzzy subalgebra of A. Then 
M := n li i is an (£, G)-fuzzy subalgebra of X. 

ig A 

Proof. Let x t £ y and y r £ y, t,r £ (0,1]. Then y{x) > t and y(y) > r. Thus for all 
i £ A, Hi{x) > t and yi(y) > r imply that yi(x * y) > min(f, r). Therefore y(x * y) > min(f, r) 

i.e ( X * 2/)minp,r) ^ 1^- 



Theorem 3.35. Let {/r^ | i £ A} be a family of (a, /3)-fuzzy subalgebra of A'. Then 
M == n Hi is an (a, /3)-fuzzy subalgebra of A, where (a, /3) is one of the following form 

ig A 

(i) (G,g), (ii) (e,Ag), 

(iii) (<?, G),(iv) (9,eAg), 

(v) (G Vg,g), (vi) (e Vg,eAg), 

(vii) (G Vg, e), (viii) (?,GVg), 

(ix) (g,g). 

Proof. We prove theorem for (q, g)-fuzzy subalgebra. The proof of the other cases is 
similar, by using Theorems 3.15 and 3.18. 

If there exists i £ A such that //,; = 0, then y = 0. So y is a (q, q)-iuzzy subalgebra. Let m ^ 0 

Aij(0) if x £ A'o 



for all i £ A. Then by Theorem 3.10 we have /Xj(x) = 
So it is clear that y(x) = 



0 



otherwise 



, for all i £ A. 



m( 0) if * e H A* 

igA 

0 otherwise 

Since P| Aq is a subalgebra of A', then by Theorem 3.11 y is a (q,q )~ fuzzy subalgebra of A. 
igA 
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Abstract A set D C V of vertices in a graph G is a dominating set if every vertex v in 
V — D is adjacent to a vertex in D. The minimum cardinality of a dominating set of G is 
called the domination number of G and is denoted by 'y(G). A decomposition of a graph G is 
a collection 4* of edge disjoint subgraphs Gi, G 2 , • • • , G„ of G such that every edge of G is in 
exactly one Gi. If y(Gi) = 1 for each i, then 4/ is called an 1-equidomination cover of a graph 
G. The minimum cardinality of an 1-equidomination cover of G is called the 1-equidomination 
covering number of a graph G and is denoted by 7 ^(G). In this paper we initiate a study on 
this parameter. 

Keywords 1-equidomination cover, 1-equidomination covering number, 
minimum 1 -equidomination cover. 



§1. Introduction 

By a graph, we mean a finite, undirected, non-trivial, connected graph without loops 
and multiple edges. For terms not defined here we refer to Harary [5]. 

The theory of domination is one of the fastest growing areas in Graph theory, which has 
been investigated by Berge [1], Cockayne and Hedetniemi [4], and Walikar et al [10]. A set 
D C V of vertices in a graph G is a dominating set if every vertex v in V — D is adjacent to 
a vertex in D. The minimum cardinality of a dominating set of G is called the domination 
number of G and is denoted by 7(G). A comprehensive study of domination is given in [7,8]. 

Another important area in Graph theory is decomposition of graphs. A decomposition of 
a graph G is a collection T of edge disjoint subgraphs Gi,G 2 ,--- ,G n of G such that every 
edge of G is in exactly one G,;. If each Gj is isomorphic to a subgraph H of G, then T is called 
a ff-decomposition. Various types of decompositions have been studied by several authors by 
imposing conditions on G, in the decomposition. Some such decompositions are path covering 
[6], line clique covering [3] and star decomposition [9]. 

Using these two concepts, we introduce the concept of 1-equidomination cover of a graph 
which is motivated by the concepts of line clique cover and star decomposition of a graph. The 
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concepts of line clique cover and line clique covering number were introduced by S. A. Choudum 
et al [3] . A line clique cover of a graph G is a collection of cliques in G that cover all the edges 
of G and the minimum cardinality of a line clique cover is called the line clique covering number 
9\ ( G ) . The concepts of star decomposition and star number were introduced by V. R. Kulli et 
al [9] . A star decomposition of a graph G is a collection of stars in G that cover all the edges 
of G and the minimum cardinality of a star decomposition is called the star number s(G). 

We observe that the domination number of clique and star is one and so each of line 
clique cover and star decomposition of a graph is a decomposition of G in which every mem- 
ber has domination number one. This motivates us to define the more general concept of 
1-equidomination cover of a graph which is a decomposition of G in which every member has 
domination number one and the minimum cardinality of such a decomposition is called an 
1-equidomination covering number of a graph G. 

In this paper we initiate a study on this parameter. We need the following definition and 
theorems. 

Definition 1.1. A fc-factor of G is a fc-regular spanning subgraph of G, and G is k- 
factorable if there are edge disjoint /c-factors G\, G 2 , ■ • • , G n such that G = G\ UG 2 U, • • • , U G n . 

Theorem 1.2. [5] Every regular bipartite graph is 1-factorable. 

Theorem 1.3. [5] If G is bipartite then (3\{G) = op (G). 

Theorem 1.4. [5] A graph G has a 1-factor if and only if /3i(G) = p/2. 

Theorem 1.5. [2] For any connected graph G , if q is even, then G has a P 3 -decomposition. 

Theorem 1.6. [9] The star numbers of some graphs are given as follows. 

(i) s (P p )=\^],p>2. 

(ii) s(C p ) = [§] , P> 4- 

(iii) s(K m , n ) = n if m > n, where [a;] denotes the smallest integer greater than or equal 

to x. 

§2. Main Results 

Definition 2.1. An 1-equidomination cover of a graph G is a collection = {Gi, G 2 , ■ ■ • , G n } 
of subgraphs of G such that 

(i) Each Gi is connected 

(ii) Every edge of G is in exactly one G* and 

(iii) 7 (Gj) = 1,1 < i < Ti- 



lt is clear that for any graph G, \f r = E[G) is an 1-equidomination cover of G. 
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Definition 2.2. The minimum cardinality of an 1-equidomination cover of G is called the 
1-equidomination covering number of G and is denoted by 7 ^(G). An 1-equidomination cover 
T of G such that |4'| = is called a minimum 1-equidomination cover of G. 

We now proceed to obtain some bounds for 7 |^(G). 

Theorem 2.3. For any connected graph G, we have 1 < 7 ^(G) < q. Further 7e 1 ^(G) = 1 
if and only if 7 (G) = 1 and 7 ^(G) = q if and only if G = K 2 . 

Proof. The inequalities are trivial. Obviously ^\G) = 1 if and only if 7 (G) = 1. 

Suppose 7e^(G) = q. Now, if G 7^ K 2 , then G has a path P on three vertices, because 
G is connected. Hence T = {P} U {E(G) — E(P)} is an 1-equidomination cover of G so that 
7e 1 '*(G) < T = q — 1, which is a contradiction. Thus G = I\ 2 . Also clearly ^\k 2 ) = 1 = q. 
This completes the proof. 

Corollary 2.4. 

(i) For the complete graph K p , 7^ \k p ) = 1. 

(ii) For the wheel W p on p vertices, we have 7 e^iWp) = 1- 

Proof. Follows from Theorem 2.3. 

Theorem 2.5. For any connected graph G, we have 7^(0) < [q/2]. 

Proof. If q is even, then it follows from Theorem 1.5 that G has a P3- decomposition. Since 
a P3-decomposition is an 1-equidomination cover of G, we have 7P \G) < q/2. Suppose q 
is odd. If there exists an edge e which is not a bridge, let H = G — e. If not, then G is a tree. 
Now, let H = G — v, where v is a pendant vertex and let e be the edge incident at v. 

Now, in either of the cases, H is connected with even number of edges and hence by 
Theorem 1.5, H has a P3-decomposition, say ip. Hence ip U {e} is an 1-equidomination cover of 
G so that j^(G) < \i/j\ = + 1 = \q/ 2]. This completes the proof. 

Remark 2.6. The bound given in Theorem 2.5 is sharp. For the cycle C p , ^\c p ) = 
\p/ 2 \ = \q/ 2 \. 

In the following theorem we establish a relation between 7 (G) and 7 ^(G). 

Theorem 2.7. For any connected graph G, we have 7 (G) < 7 i 1 ' ) (G). Further, if a and 
b are two positive integers with 1 < a < 6, then there exists a connected graph G such that 
7(G) = a and 7e^(G) = b. 

Proof. Let T = {Gi,G 2 ,-- • ,G n } be a minimum 1-equidomination cover of G. Let v^, 
1 < i < n, be the vertex which dominates all the vertices in G,. Then {vi,v 2 ,--- ,v n } is a 
dominating set of G so that 7 (G) < n = 7 ^(G). 

Now, suppose a and b are two integers with 1 < a < b. We now construct a graph G 
as follows. Consider a path P = (27,^2, ,v a )- Attach b — a + 1 pendant vertices, say 

Xi, x 2 , ■ ■ ■ , a,’b_ Q+ i at Vi, attach b — a+1 pendant vertices, say 3/1 , y 2 , ■ ■ ■ , yb - a + 1 at 27 and then 
attach at least one pendant vertex at each 27 where 3 < i < a. Now join the vertices Xj and 
yj by an edge for all j, where 1 < j < b — a+1. Then 7 (G) = a. We now prove that 7 e^(G) = 6. 



Vol. 5 



1-Equidomination cover of a graph 



57 



Vl 



v 2 v 3 



V a 




Let Gi = 27 , yi), 1 < i < b — a + 1 



G b — a+2 (N [u 2 ]) and 

Hi = ( N [v i+2 ]) - v i+1 v i+2 , l <i < a-2. 

Then T = {G i, G 2 , ■ ■ ■ , G b - a +2, H\,H 2 , ■ ■ ■ , H a _ 2 } is an 1-equidomination cover of G and 
hence yi^G) < \ip\ = b. Now let ip be any minimum 1-equidomination cover of G. Now it is 
clear that no two of the edges in {xiyi : 1 <i < b — a + 1} U {viv 2 } lie on the same member of 
ip. Also any two non-adjacent pendant edges of G lie on the different members of ip. Hence it 
follows that \ip\ > b — a + 2 + a — 2 so that 7 ^(G) > b. Thus je^(G) = b. This completes the 
proof. 

Theorem 2.8. If 7 ^(G) = 7(G), then every member of any minimum 1-equidomination 
cover ip contains at least one vertex which does not lie on any other member of ip. 

Proof. Suppose 7e^(G) = 7(G). Let T = {Gi, G 2 , • • • , G 7 } be a minimum 1-equidomination 
cover of G and let 17 be a vertex in Gi which dominates all the vertices of Gi. We now claim 
that each Gi has a vertex Ui such that 17 ^ Gj for j ^ i. Suppose not. Assume without loss of 
generality that every vertex of Gi lies in some Gi where i > 1. Then S = {v 2 ,i’3i ■ 1 • >%} is a 
dominating set of G, which is a contradiction. Hence each Gi has a vertex u,i such that 17 ^ Gj 
for j 7^ i. This completes the proof. 

Remark 2.9. The converse of Theorem 2.8 is not true. For the cycle Cq , every member 
of any minimum 1-equidomination cover ip contains at least one vertex which does not lie in 
any other member of ip. However, 7P ^ (Gg) = 3 and "f(Ce) = 2. 

The following theorem gives a relation between \G ) and a 0 (G). 

Theorem 2.10. For a graph G, 7 e (G) < ao(G), where ao (G) is the vertex covering 
number of G. 

Proof. Let S = {ui, v 2 , ■ ■ ■ , v ao } be a minimum vertex cover of G. Let G\ be the subgraph 
of G consisting of the vertex V\ and the edges incident with v\. Having defined Gi, let Gi + 1 be 
the subgraph of G consisting of the vertex 1 together with the edges incident at Vi+ 1 and 
edge disjoint from Gi, G 2 , • • • , Gi. Then ip = {G\,G 2 , • • • , G ao } is an 1-equidomination cover 
of G and hence ■yi 1 ' 1 (G) < ao (G). This completes the proof. 

Corollary 2.11. If G is a graph having no triangles, then yP^G) = ao(G). 

Proof. Let T = {Gi,G2,-- • ,G n } be a minimum 1-equidomination cover of G. Let 17, 
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1 < i < n, be the vertex which dominates all the vertices in Gi. Then {ui,u 2 >"* ,v n } is a 
vertex cover of G so that «o(G) < n = yl^G). Hence it follows from Theorem 2.10 that 
7 i^(G) = o 0 (G). This completes the proof. 

As a consequence of Theorem 1.3 and Corollary 2.11, we have 

Corollary 2.12. If G is bipartite, then 7 ^(G) = ao (G) = Pi(G). 

Corollary 2.13. If G is a bipartite graph of order p having a 1-factor, then 7 | 1 ' ) (G) = p/ 2. 

Proof. Follows from Theorem 1.4 and Corollary 2.12. 

The n-cube Q n is the graph whose vertices are the ordered ?r-tuples of 0’s and l’s, two 
points being joined if and only if they differ in exactly one coordinate. Then Q n is a bipartite 
graph with 2" vertices. Further, Q n has a 1-factor and hence as a consequence of Corollary 
2.13, we have 

Corollary 2.14. 'yi 1 \Q n ) = 2 ra_1 . 

Now, the following problem naturally arises. 

Problem 2.15. Characterize graphs for which y^^G) = p/2. 

In the following Theorems, we relate the 1-equidomination number with the star number 
and the line clique covering number of a graph. 

Theorem 2.16. For any connected graph G, y^^G) < s(G), where s(G) is the star 
number of G. Further equality holds for triangle-free graphs. 

Proof. As every star decomposition of a graph G is an 1-equidomination cover of G, we 
have 7 e^(G) < s(G). 

Now, suppose G is a triangle-free graph. Let *F = {Gi, G 2 , • • • , G„} be any 1 -equidomination 
cover of G. since y ^ 1 1 (G,;) = 1 for each i, 1 < i < n and G has no triangles, it follows that 
Gi is a star and hence every 1-equidomination cover of G is a star decomposition of G so that 
7 e 1 ) (G) > s(G). Thus 7 i^(G) = s(G). This completes the proof. 

Corollary 2.17. 

(i) 7e 1 } (Pp) = l 2 ^ 1 ] ,P> 2. 

(ii) y| 1} (G p ) = [f] ,p >4. 

(iii) y e(K m>n ) = n if m > n. 

Proof. Follows from the Theorem 2.16 and Theorem 1.6. 

Thus there is an infinite family of graphs for which y^^G) = s(G). This leads to the 
following problem. 

Problem 2.18. Characterize graphs for which 7 e (G) = s(G). 

Theorem 2.19. For any connected graph G, we have y| 1 '*(G) < 9\ (G). Further equality 
holds if and only if G = K p . 

Proof. Since every line clique cover of a graph G is an 1-equidomination cover of G, it 
follows that y| 1 ^(G) < 9\{G). Now suppose ye^(G) = $i(G). Let T = {Gi,G 2 ,-- - ,G„} be a 
minimum line clique cover of G. Now, if G is not complete then n > 1 and there exists a vertex 
v such that v £ V(Gi) U P(G 2 ) and hence {Gi U G 2 , • ■ ■ , G„} is an 1-equidomination cover of 
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G, which is a contradiction. Thus G is complete. The converse is obvious. This completes the 
proof. 



Conclusion 

We conclude this paper by posing the following problems for further investigation. 

[(i)] Characterize graphs for which 7 ^(G) = \q/2], 

[(ii)] Characterize graphs for which 7 e(G) = 7 (G). 

[(iii)] Characterize graphs for which 7e^(G) = «o (G). 

Further the concept of 1-equidomination cover of a graph can be generalized to the concept 
of k-equidomination cover of G which is defined to be a decomposition of G in which every 
member has domination number k and we shall present this in the subsequent papers. 
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Abstract In this paper, we mainly discuss the Smarandache relation on U-semiabundant 
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§1. Introduction 

In generalizing regular semigroups, a generalized Green relation £ u was introduced by M. 
V. Lawson [6] on a semigroup S as follows: Let E be the set of all idempotents of S and U be 
a subset of E. For any a, b £ 5, define 

(a, b ) £ C u if and only if (V e £ U) ( ae = a <t=> be = b ); 

(a, b) £ 77 r/ if and only if (V e £ U) {ea = a^eb = b). 

It is clear that £ C £* C £ u and 77 C 77* C jz u . 

It is easy to verify that if S is an abundant semigroup and U = E(S) then C* = £ u , 
77* = 7 Z u \ if S' is a regular semigroup and U = E(S) then £ = £ u , 77 = 1Z U . 

Recall that a semigroup S is called [7-semiabundant if each £ r/ -class and each 77 c/ -class 
contains an element from U. It is clear that regular semigroups and abundant semigroups are 
all [7-semiabundant semigroups. 

The natural partial order on a regular semigroup was first studied by Nambooripad [9] 
in 1980. Later on, M. V. Lawson [7] in 1987 first introduced the natural partial order on an 
abundant semigroup. The partial orders on various kinds of semigroups have been investigated 
by many authors, for example, H. Mitsch [4], Sussman [10], Abian [1] and Burgess[2]. In [3], 
we have introduced the natural partial order on [7 -semiabundant semigroups and described the 
properties of such semigroups by using the natural partial order. In this paper, we will mainly 
discuss the Smarandache relation between Green~ relation and Natural partial orders. 

We first cite some basic notions which will be used in this paper. Suppose that e, / are 
elements of E(S). The preorders u r and to 1 are defined as follows: 

euj r f fe = e and euj 1 f <=> ef = e. 
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In addition, u> = uj r (~1 to 1 , the usual ordering on E(S). 

We use T>e to denote the relation (u r U w l ) U (w r Uu 1 ) -1 . Assume that ( S , U) is an U- 
semiabundant semigroup. It will be said that XJ is closed under basic products if e, / £ U and 
(e, /) £ T>e then ef £ U. 

Recall in [8] that an U -semiabundant semigroup S(U) is called reduced if u r = oj 1 on U. 
A reduced [/-semiabundant semigroup S(U) is idempotent connected (IC) if it satisfies the two 
equations 

ICf For any / € w(x*) D U, xf = (, xf) + x ; 

IC r : For any e £ w(x + ) D U, ex — x(ex)*. 

For terminologies and notations not given in this paper, the reader is referred to Howie [5]. 



§2. Green~ relations and the natural partial orders 

It is well-known that the Green~ relations play an important role in the study of U- 
semiabundant semigroups, similar to that of Green’s relations for regular semigroups. It is 
natural to find the similar properties of Green~ relations as Green’s relations. This is the main 
aim of this section. To begin with, we verify the following fact which enables the study to get 
under way. 



Lemma 2.1. Let S be a semigroup and a,b £ S. Then: 



(i)l 6 l b £ 


R u (a) if and only if there exist ao, - ■ ■ 


5 ® n 


£ S 1 


and X \ , • • -,x n 


£ S such 


that 


a 0 ,b= a n 


H(a i ,a i - 1 x i ) £ 1Z U , for i = 1, 2, • • -n. 












(ii) [6 l b £ 


L u (a) if and only if there exist ao,-- 


‘5 & n 


£ S 1 


and xi, • ■ -, x n 


£ S such 


that 


ao, b = a n 


K(ai,Xiai-i) £ C u , for i = 1, 2, • • -n. 












(iii) 6 £ J u (a) if and only if there exist ao, • • •, a n 


£ S 


1 and 


^■1 , ' ‘ , %n, 2/1, " ' 


-,2 In £ s 1 


such 


a = ao , 6 


= a n and (a*, x^i-iyt) £ V u , for i = 1, 


2,-- 


■n. 









Proof. The proof of (i) and (ii) can refer to [6]. We only need to proof (iii). 
Construct set 



I = {x £ Sjthere exsitxi, • • •, x n , yi, ■ ■ -,y n £ S ,1 such thata = ao, x = a n 
and(a i ,x i Oj_iy i ) £ V u ,i = 1,2,- • -n}. 

<=: By assumption we know b £ I. This means that there exist ao, - ■ -,a n £ S and 

x\, ■ ■ -,x n , yi , ■ ■ •, y n £ S 1 such that a = ao, b = a n and (a*, x^i-iyi) £ V u , for i = 1, 2, • • -n. 

So, there exist si, • ■ ■, s n ,ti, ■ • t n £ S such that aiL u s\RF t\L u ■ ■ ■ s n lZ u t n L u Xidi-iyi. 
Because J u (a ) is a [/-admissible ideal and ao = a £ J u (a ), we have x\aoyi £ J u {a ), a\ £ J u {a) 
Similarly, we can reduce that a%, a$, ■ ■ •, a n £ J u (a). Therefore, b = a n £ J u (a). 

=>: We need to proof that J u (a) C I. For this purpose, only need to proof that I is a U- 
admissible ideal including element a. Clearly, a £ I. Next we will verify that I is a [/-admissible 
ideal. If b £ I, then for all s £ S,bs £ I. In fact there exist ao = b, a i = bs and X\ = 1, 2/1 = s 
such that (6s, 1 ■ 6 • s) £ V u . Similarly, sb £ I. On the other hand, if b £ /, then R ^ C /. Since 
for all x £ i?^ 7 , (x, 1 ■ 6 • 1) £ TZ U C V u , that is, x £ I. Similarly, C I. 

Corollary 2.1. Let S' be a semigroup and a, 6 £ S. Then: 

(i) (a, 6) £ C u if and only if L u (a) = L u (6); 
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(ii) (a, 6) £ TZ U if and only if R u (a) = R u (b). 

Lemma 2.2. Let S(U) be a [/-semiabundant semigroup, U is closed under basic products, 
7Z U is a left congruence. If a^ r b for all a,b & S, then for all x £ R E , there exists y £ R E such 
that y^ r x. 

Proof. Suppose that a^ r b. Then, by Theorem 2.6^, there exists a + £ R E D U such 
that a + ujb + and a = a + b. For all x £ R b , it is easy to see that (x, b + ) £ TZ U . Because 
7Z U is a left congruence, we have that ( a + x,a + b + ) = (a + x,d + ) £ TZ U . On the other hand, 
R U a + x = R U a+ = R^ a+ < R%+ = R U X - By Theorem 2.4^, we can get that a + x^ r x. 

Lemma 2.3. Let S(U) be a [/-semiabundant semigroup, U is closed under basic products, 
1Z U is a left congruence. If (a, bx) £ 1Z U for all a,b,x £ S, then there exists c € R% such that 
c^ r b. 

Proof. Assume that (a,bx) £ 7Z U . Then, for all b + £ R b D U, Since b + bx = bx, we 
know that b + a = a. b + a + = a + , that is ( a + ,b + ) £ co r C V E . Because U is closed under 
basic products, we have that a + b + £ U. It is easy to verify that ( a + b + ,b + ) £ u>. By Theorem 
2. 4^, we can get that a + b + ^ r b + . Obviously, ( a + b + ,a + ) £ 7Z. By Corollary 2.3I 3 ! we know that 
(a + b + , a + ) £ TZ U . So (a + 6 + , a) £ TZ U . By Lemma 2.2, for b £ R b+ , there exists c £ R^+ b + = R% 
such that c^ r b. 

Basing on these lemmas above, we now give a characterization for the principle [/-admissible 
right ideal: 

Theorem 2.1. Let S(U) be a [/-semiabundant semigroup, U is closed under basic prod- 
ucts, TZ U is a left congruence on S(U). Then for all a,b £ S , the following statements are 
equivalent: 

(i) a £ 1Z U (b); 

(ii) There exists c £ R E such that c^ r b. 

Proof. (i)=> (ii): Let a £ R u (b). By Lemma 2.1, we know that there are do, • • •, a n £ S 1 
and xi,- • -,x n £ S such that b = do, a = a n (di,dj_iXj) £ 1Z U , for i = 1,2, • • -n. So, by 
Lemma 2.3, there exists Cj £ R E ; such that Ci^ r dj_i. By Lemma 2.2, there exists c' £ R E (R E .) 
such that c' 2 ^ r ci, c' i+1 ^ r c' i , i = 2, 3, • • •, n — 1. Hence, there exists d n £ = R % such that 

Cn^r^n—l^r * * * — b. 

(ii)=> (i): If there exists c £ R E such that c^ r b. By Theorem R E ^ R b , that is, 

R u (c) C R u (b). By Corollary 2. l(ii) , we know that R u (a) = R u (c). So we have that a £ R u (b). 

The dual result for the principle [/-admissible left ideal may be similarly proved. 

Corollary 2.2. Let S(U) be a [/-semiabundant semigroup, U is closed under basic prod- 
ucts, 7 Z u is a left congruence. The following statements are equivalent: 

(i) n u = {n u o < r ) n ( r % o n u )- 

(ii) C u = (C u O <j) n (i% O c u ). 

Proof. We need only proof (i). Similarly, we can proof (ii). 

For all a,b £ S(U), let (a,b) £ 7Z U . By Corollary 2.1(ii) we can get that R u (a) = 
R u (b). So a £ R u (b) and b £ R u (a). By Theorem 2.1 we know that (a,b) £ TZ U o and 
(b, a) € 7 Z u o ^ r , that is, (a, b) £ r > o 7 Z u . Hence (a, b) £ (7 Z u o < r ) n ( r > o 1Z U ). Therefore, 

n u c (n u o<^ r )c{ r % ° -r u ). 

Conversely, let (a,b) £ (7Z u o^ r )n( r ^o7Z u ). then (a,b) £ TZ u o^ r and (a,b) £ r >o7 Z u . By 
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Theorem 2.1 we know that a £ R u (6) and b £ R u (a). So R u (a) C R u (b) and R u (b) C R u (a). 
This means that R u (a) = R u (b). By Corollary 2.1 we can get that (a, b) £ IZ U . Therefore, 
(^o^jn^o n u ) cn u . 

Lemma 2.4. Let S(U) be a reduced IC {7-semiabundant semigroup, U is closed under 
basic products and S(U) satisfies congruence condition. If b^a for all a,b £ 5(17), then there 
exists y £ D b such that y^x for all x £ . 

Proof. By the conditions and Lemma 3.1I 3 ! we know that Let a,b £ S(U), 

b^a. By x £ D % we can obtain that , there exist Xi,X 2 ,- ■ ■ ,x n and yi,y 2 £ • -,y n £ S(U) 
such that a = x-i,x = y n and x{R u y\C u X 2 R U y 2 • • • C u x n R u y n . By Lemma 2.2, there exists 
y[ £ R b such that y[^yi- So, By the dual of Lemma 2.2 we known that, there exists x' 2 £ L y , 
such that ^ 2 ^X 2 - Repeatedly this argument, there exist x 3 ,- ■ ■ , x' n and y 2 ,- ■ -,y' n £ S(U) such 
that b1Z u y[C u x 2 TZ u y 2 C u x 3 ■ ■ ■ C u x' n IZ u y' n y' n ^y n = x. we have proved that for all x £ , 

there exists y' n £ D b such that y' n ^x. 

Lemma 2.5. Let S(U) be a reduced IC {7-semiabundant semigroup, U is closed under 
basic products and S(U) satisfies congruence condition. If ( a,xby ) £ V u for all a,b £ S(U), 
and x,y £ S'({7) 1 , then there exists c £ D ^ such that c<6. 

Proof. By the conditions and Lemma 3. 1 we know that ^ By Lemma 

2.1(i), xby £ R u (xb). By Theorem 2.1, there exists u £ R^ by such that u^ r xb. So u^xb. On 
the other hand, By Lemma 2.1 (ii) , we can obtain that xb £ L u (b). By the dual of Theorem 

2.1 we know that there exists v £ L^ b such that v^ib. So v^b. By applying the dual of Lemma 

2.2 to the fact u^xb we can get that there exists w £ L ^ such that w^v. Hence w^b. In fact, 
wC u ulZ u xby. So, ( w,xby ) £ V u . Since (a, xby) £ V u , we have that (w,a) £ V u . We have 
proved that there exists w £ D ^ such that w^b. 

Now we arrive at the structure of the principle {7-admissible ideal of the reduced IC 
U — semiabundant semigroup: 

Theorem 2.2. Let S(U) be a reduced IC {7-semiabundant semigroup, U is closed under 
basic products and S(U) satisfies congruence condition. Then for all a, & £ S(U), the following 
statements are equivalent: 

(i) a £ J u (b); 

(ii) There exists c £ such that c^b. 

Proof. By Lemma 2.1(iii), (ii)=>(i) is obvious. We need only prove (i)=>(ii). 

Suppose that a £ J u (b). Then by Lemma 2.1 (iii) , there exist ao, ai, • ■ •, a n £ S(U),Xi,x 2 , 

■ •■, x n and yi, y^,- • -,y n £ <S' 1 (^7) such that b = ao,a = a n and (a*, Xjaj_i 2 /j) £ V u ,i = 
1, 2, • ■ •, n. By Lemma 2.5, we know that there exists c, £ such that i = 1, 2, ■ ■ ■, n. 

Therefore, by Lemma 2.4, there exists c( £ 7) [7 (£>(() such that c^ci, c' i ^c' i _ 1 , i = 3,4, • • -,n. 
So, c4<c( l _ 1 ^ • • • ^c^Ci^ao = b.Also,d n £ . This means that there exists d n £ D ^ 

such that c' n ^b. 

Proposition 2.1. Let S(U) be a reduced IC {7-semiabundant semigroup, U is closed under 
basic products and S(U) satisfies congruence condition. Then J u = ( V u o n o D u ). 

Proof. Let a,b £ S(U), and (a, b) £ J u . Then by the definition of J u we can get that 
J u (a) = J u (b). By Theorem 2.2 we can easily see that (a, b) £ (V u o n o V u ). 

Conversely, if (a, b) £ ( V u o <) D o V u ). then (a, b) £ V u o ^ and (a, b) £ ^ o V u . 
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By Theorem 2.2 we know that a £ J U {b) and b £ J u (a). Therefore, J u (a ) C J u (6) and 
J u (b) C J f/ (a), that is, J u (a ) = J u {b). By the definition of J u we know that (a, 6) G J u . It 
follows that (V u o <) n (> o I? 17 ) C J u . 

It is well-known that in a general semigroup V u 7^ J v . Naturally, it is interesting to 
consider that in what semigroup V u = £f u l In the next proposition we give the necessary 
condition for the case. 

Proposition 2.2. Let S(U) be a reduced IC t/-semiabundant semigroup, U is closed 
under basic products and S(U) satisfies congruence condition. If D ^ ^ J ^ for all a £ S(U), 
then in there exist infinite elements oi,a2, • • • such that o>ai>02> • ••• 

Proof. Let D % / J%. Then there exists b £ such that b ^ D l r /. Obviously, b £ J u (a). 
By Theorem 2.2, there exists c\ £ D// such that ci^a. We may claim that a 7^ c\. Otherwise, 
a = ci £ D]j and b £ D % a contradiction! So, a>Ci. Since ci £ D\/ C jj/ = J^, we have 
that a £ J u (ci). By Theorem 2.2, there exists Oi £ D % such that ai<Ci. So, a>ai. In fact, 

7^ ^a, ■ Repeating the proceeding above, we may obtain that there exists C2 £ J Xl such 
that C 2 <a\. Since a\ £ J u (c 2 ), by Lemma 2.5 we know that ci2 £ D^ (D^) such that 02^02- 
So a>a\>tt 2 - Repeating the proceeding above, we may obtain infinite elements 03, 04, • • • in 
such that a>ai>a2> 

If S(U) is /C-abundant semigroup satisfying U = E(S), then C* = £ u ,1Z* = 1Z U . We can 
obtain the following conclusion: 

Corollary 2.3 I 11 ! Let S be an IC abundant semigroup. If D* 7^ J* for all a £ S, then 
there exist infinite elements ai, 02, • • • in D* such that a > oi > 02 > ■ • •• 

Especially, for regular S(U), if U = E(S), £ = C u ,1Z = TZ U , then we have that: 

Corollary 2.4 I 11 ! Let S' be a regular. If D a 7^ J a for all a £ S, then there exist infinite 
elements a\, 0 , 2 , ■ ■ ■ in D a such that a > a\ > <22 > • • •• 

Now, recall a definition in reference [5]. A semigroup S is called to satisfy the condition 
miriL or minR, if the partial order set S/C or S/1Z satisfies the minimal condition. 

Proposition 2.3. Let S(U) be a reduced IC [/-semiabundant semigroup, U is closed 
under basic products and S{U) satisfies congruence condition. If S(U) satisfies miriL or minu , 
then V u =J U . 

Proof. We need only prove the case for miriL ■ Similarly, we can prove that minR. 

Assume that V u 7^ J u . Then there exists a £ S(U) such that D % 7^ j // . By Proposition 
2.2, there exist infinite elements 01,02,- • • in D j/ such that a>ai>02> • • • . In fact, if x^y, 
then there exist e, / £ U such that x = ey = yf. Therefore, L x = L ey ^ L y . Denote ao = a, 
we have that L ai l ^ L Qi ,« = 1,2,- - - . Now we will prove that L ai l 7^ L ai . If L ai _ 1 = L ai , 
then (oj_i,o,) £ C C C* . So (aj_i,Oj) £ ^ D C* = 1 s(u)- This contradicts Oi_i>ad Hence, 
L a > L ai > L a2 > • ■ ■ > L ari > • • -. This contradicts the hypothesis! Thus V u = J u . 

As an immediate consequence of Proposition 2.3, we have: 

Corollary 2.5. Let S(U) be a reduced IC [/-semiabundant semigroup, U is closed under 
basic products and S(U) satisfies congruence condition. Then V u = J u . 
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Abstract In this paper, the chaotic characteristic of the Sprott N system with parameter is 
studied in theoretical analysis and numerical simulations, and abundant dynamical behavior 
is presented. When the parameter j3 = 1.9, the system exist chaotic attractor. The abun- 
dance dynamical behavior of the system is presented by the global bifurcation graph and 
the Lyapunov exponent. In order to realize the full state hybrid projective synchronization 
(FSHPS) of the system, Smarandache controller is design. Numerical simulations show that 
the controller works well. 

Keywords Chaos, Bifurcation, The Sprott N system with parameter, FSHPS. 



§1. Introduction 

Since synchronization of chaotic systems was first introduced by Fujisaka and Yamada [1] 
and Pecora and Carroll [2] . Due to the importance and applications of coupled systems, ranging 
from chemical oscillators, coupled neurons, coupled circuits to mechanical oscillators, various 
synchronization schemes have been proposed by many scientists from different research fields 
[3-10]. Recently, a new type of chaotic synchronization-full state hybrid projective synchroniza- 
tion(FSHPS) in continuous-time chaotic and hyper-chaotic systems based on the Lyapunov’s 
direct method is presented and investigated by wen [11], many notable results and a series of 
important applications to security communication regarding FSHPS has been presented in Refs 
[12-14], 

We organize this paper as follows. In Section 2, the chaotic characteristic of the Sprott N 
autonomous system with parameter is studied by theoretical analysis and numerical simulation. 
In section 3, the scheme of full state hybrid projective synchronization(FSHPS) is given. A proper 
Smarandache controller is designed and the synchronization of the system is achieved under it. 



1 This work is supported by the Gansu Provincial Education Department Foundation 0808-04 and Scientific 
Research Foundations of Tianshui Normal University of China TSB0818. 
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Fig. 1 . The chaotic attractor in three-dimensional phase space 



§2. Dynamical behavior 

A series of three dimensional autonomous systems is presented by J.C. Sprott in 1994 [15], 
in this paper, the N system of those is taken as example. The governing equations of the Sprott 
N system are: 



( x = -2 y 

< y = x + z 2 ( 1 ) 

[z=l + y-2z, 

The equilibrium of the system (1) is P(-0.25,0.0.5).The Lyapunov exponents of the system are 
Li?s= (0.076,0,-2.076), which shows the system is chaotic. In order to get abundance dynamical 
behavior of the system, the parameter /3 is leaded to the system. The governing equations of 
the Sprott N system with parameter (3 can be described as 

! Xl = — 2X2 

x 2 = Xi + xl (2) 

x 3 = 1 + x 2 - flx 3 , 

where x = (xi,x 2 , x 3 ) is the state variable. The initial conditions are (a:i(0), a: 2 (0), x 3 (0))=(l,5,2), 
when the parameter f3= 1.9, the system exits a chaotic attractor. The chaotic attractor in three- 
dimensional phase space is illustrated in Fig 1. 

For this system, bifurcation can easily be detected by examining graphs of abs(z)versus 
the control parameter /?. The dynamical behavior of the system (2) can be characterized with 
its Lyapunov exponents which are computed numerically. The bifurcation diagram and the 
Lyapunov exponents spectrum are showed in Fig 2. 
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Fig. 2. The nonlinear dynamic behavior of system (2) 



§3. Chaos synchronization base on FSHPS 

We recall a class of automomous chaotic flows in the form of 

x(t) = F( x), ( 3 ) 

x — (xi,X2, ■ ■ ■ , x n ) T is the state vector, and F( x) = (F\ (x) , F2 (x) , ■ ■ ■ , F n (x)) T is continuous 
nonlinear vector function. 

We take ( 3 ) as the drive system and the response system is given by 

y(t) = F (y) + (4) 

V = (3/1, 2/2, - - - ,y n ) T is the state vector, and F{y) = (F 1 (y), F 2 (y), ■ ■ ■ ,F n (y)) T is continuous 
nonlinear vector function . u = u(x, y) = (ui(x, y), u 2 {x, y), ■ ■ ■ , u n (x, y)) T is the controller to be 
determined for the purpose of full state hybrid projective synchronization. Let the vector error 
state be e(t) = y(t) — aa;(t).Thus, the error dynamical system between the drive system ( 3 ) and 
the response system ( 4 ) is 

e(t) = y(t ) - ax(t) = F(x, y) + it, ( 5 ) 

where F(x,y) = F(y) - aF(x) = {F^y) - aiFi(x), F 2 (y) - a 2 F 2 (x), ■ ■ ■ ,F n (y) - a n F n ( x)) T . 

In the following, we will give a simple principle to select suitable feedback controller u such 
that the two chaotic or hyper-chaotic systems are FSHPS. If the Lyapunov function candidate 

V is take as: 

V = \e T Pe, ( 6 ) 

where P is a positive definite constant matrix, obviously, V is positive define. One way choose as 
the corresponding identity matrix in most case. The time derivative of V along the trajectory 
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of the error dynnmical system is as follows 

V = e T P(u + F), (7) 

Suppose that we can select an appropriate controller u such that V is negative definite. Then, 
based on the Lyapunov’s direct method, the FSHPS of chaotic or hyper-chaotic flows is syn- 
chronization under nonlinear controller u . 

In order to observe the FSHPS of system (2), we define the response system of (2) as 
follows 

! yi = -2y 2 + ui 

V 2 =yi + vl + u 2 (8) 

2/3 = 1 + 2/2 - /?2/3 + w 3 , 

where u = (ui,u 2 ,u 3 ) t is the nonlinear controller to be designed for FSHPS of two Sprott N 
chaotic systems with two significantly different initial conditions. 

Define the FSHPS error signal as e(t) = y(t) — ax(t), i.e. , 

! ei(t) = yi - a\X\ 

e 2 (t) = y 2 - a 2 x 2 (9) 

e 3 (t) = 2/3 - 0:3X3, 

where a = diag(ai,a 2 , a 3 ),and a±, a 2 and a 3 are different desired in advance scaling factors for 
FSHPS. The error dynamical system can be written as 

! ei(t) = e2 + (o 2 ~ Q!i)x2 + U\ 

e '2 (t) = -e\ + e 2 e 3 + a 3 x 3 e 2 + a 2 x 2 e 3 + (a 2 - «i)xi + ( 02^3 - a 2 )x 2 x 3 + u 2 (10) 

e 3 (t) = 1 - a 3 - e| - 2a 2 x 2 e 2 + (a 3 - a 2 )x\ + u 3 , 

The goal of control is to find a controller u = (ui, u 2 ,u 3 ) T for system (10) such that system (2) 
and (8) are in FSHPS. We now choose the control functions u\,u 2 and u 3 as follows 

{ ui = — 2e 2 - (a 2 - ai)x 2 

u 2 = -e 2 e 3 - a 3 x 3 e 2 - a 2 x 2 e 3 - (a 2 - a x )xi - {a 2 a 3 - a 2 )x 2 x 3 (11) 

u 3 = a 3 -l+e% + 2a 2 x 2 e 2 - (a 3 - a 2 )xl - e§, 

If the Lyapunov function candidate is taken as: 

^ = 2^ e i + e 2 + e 3 )> (l 2 ) 

The time derivative of V along the trajectory of the error dynnmical system (10) is as follows 

V = -( e l + el + e l), (13) 

Since V is a positive definite function and V is a negative definite function, according to 
the Lyapunov’s direct method, the error variables become zero as time tends to infinity, i.e., 
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Time 

Fig. 3. The time evolution of the errors with the scaling factors ot\ = 1, Q2 = —1.8, Q 3 = 3 



linit^oo || yi — on Xi ||= 0,i = 1,2, 3. This means that the two Sprott A systems are in FSHPS 
under the controller (11). 

For the numerical simulations, fourth-order Runge-Kutta method is used to solve the sys- 
tems of differential equations (2) and (8). The initial states of the drive system and response 
system are (a"i(0), #2(0), £3(0) = (1,5,2) and (2/1 (0) , 2/2 (0) , 3/3 (0) = (11,15,12) The state errors 
between two Sprott systems are shown in Fig. 3. Obviously, the synchronization errors converge 
asymptotically to zero and two systems are indeed achieved chaos synchronization. 



§4. Conclusion and discussion 

In the paper, the problem synchronization of the Sprott N system with parameter is in- 
vestigated. An effective full state hybrid projective synchronization (FSHPS) controller and 
analytic expression of the controller for the system are designed. Because of the complete 
synchronization, anti-synchronization, projective synchronization are all included in FSHPS, 
our results contain and extend most existing works. But there are exist many interesting and 
difficult problems left our for in-depth study about this new type of synchronization behavior, 
therefore, further research into FSHPS and its application is still important and insightful, 
although it is not in the category of generalized synchronization. 
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Abstract We show that the convergence of modified Mann iteration, modified Mann iteration 
with errors, modified Ishikawa iteration, modified Ishikawa iteration with errors, modified Noor 
iteration, modified Noor iteration with errors, modified Smarandacheian multistep iteration 
and Smarandacheian multistep iteration with errors are equivalent for uniformly Lipschitzian 
strongly successively pseudocontractive maps in an arbitrary real Banach space. The results 
generalise and extend the results of several authors, including Rhoades and Soltuz [20, 21] 
and Rafiq [19]. 

Keywords modified Mann-Ishikawa iterations (with errors), modified Noor- multistep iteration 
(with errors), uniformly Lipschitzian maps, strongly successively pseudocontractive maps. 



§1. Introduction 

Let X be a real Banach space, and K a non-empty subset of X, T a self mapping of K and 
F(T), D(T ) and / are the set of fixed points, domain of T and identity operator respectively. 
Let J denote the normalised duality mapping from X to 2 X defined by 

J{x) = {/ e X* :< x, f >= ||z|| 2 , ||/|| = 11*11} Vx G X 

where X* denotes the dual space of X and < •, • > denotes the generalised duality pairing. 

A map T : K — > K is said to be strongly succesively pseudocontractive if there exists 
k € (0,1) and n € N + such that 

Ik - 2/|| < | \x-y + r[(I — T n — kl)x - (I - T n - kl)y\\ (1.1) 

V x, y G K and r > 0. 

Equivalently, T is strongly successively pseudocontractive if there exists k G (0, 1) such 

that 

< T n x — T n y,j(x — y) >< (1 - k) ||z - yf, 
for all x, y G K, n G N + and j(x — y) G J(x — y) (see [4]). 

T is said to be strongly pseudocontractive if T n is replaced by T in (1.1). An example of a 
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successively strongly pseudocontractive map that is not strongly pseudocontractive is in [12, 
Example 1.2]. 

T is said to be Uniformly Lipschitzian if there exists some constant L > 0 such that 

\\T n x-T n y\\<L\\x-y\\ (1.2) 

\/x, y £ K and n £ N + . 

If T n is replaced by T in (1.2), then T is said to be a Lipschitzian map. 

T is said to be strongly accretive if there exists k £ (0, 1), such that 

< Tx-Ty,j(x-y) >> k\\x - y\\ 2 (1.3) 

V x, y £K and j(x — y) £ J(x — y) 

T is said to be accretive if there exists j(x — y) £ J(x — y) such that 

<Tx — Ty,j(x — y) >> 0 (1.4) 

V i,|/ £ K and j{x — y) £ J(x — y) 

It is well known that a map T is strongly pseudocontractive map if and only if (1 — T) is 
a strongly accretive map. 

The procedures of approximating the fixed points of pseudocontractive maps include Mann 
[13], Ishikawa [8], Noor [17] and multistep iteration process [24], Also see ([1-25]). 

The Mann iteration scheme was introduced in 1953 [13] to obtain a fixed point for many 
functions for which Banach principle fails. In 1974, Ishikawa [8], introduced another iteration 
scheme sometimes referred to as two-step iteration scheme. Noor [17] introduced a three-step 
iterative scheme and used it to approximate solution of variational problems in Hilbert spaces. 
Noor, Rassias and Huang [18] extend the procedure to solving non-linear equations in Banach 
spaces. Golwinski and Le Tallec [5] used the scheme to approximate solutions of the elastovis- 
coplasticity problem, liquid crystal theory and eigen computation. 

The modified Mann iteration with errors is defined as 
X\ £ K 

X n -\-l — (1 bn'jXn T b n T x ^ T C n (s n £n)> U ^ 1 (1-5) 

where {s n } is a bounded sequence in K and {a n }, {b n } and {a ra } are sequences in [0, 1) such 
that a n + b n + c n = 1 V n £ N 

Observe that (1.5) is equivalent to 

Xn+ 1 = Q'ri'En b n T X n T C n S n , Tl ^ 1 

Remark 1. 

1. If T n is replaced by T in (1.5), we obtain the modified Mann iteration with errors in the 
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sense of Xu [25]. If in addition, c n = 1, then (1.5) is called the Mann iteration with errors in 
the sense of Liu [10]. 

2. If T n is replaced by T in (1.5), and c n = 0, then (1.5) is called the Mann iteration. 

In 2004, Rhoades and Soltuz [21] introduced the modified multistep iteration as follows, 

u\ € K 

Un+ 1 = (1 - b n )u n + bn^V^ 

< = (l-b i n )u n + bi l T n vi+ 1 ,i = l,... > p-2 

= (l~K~ 1 )u n + K~ 1 T n u n ,p>2 ( 1 . 6 ) 

where the sequences {b n }, {b l n }, ( i = 1, ...,p — 1) in (0, 1) satisfying certain conditions. 

Remark 2. 

1. If T n is replaced by T, the modified multistep iteration (1.6) is referred to as a multistep 
iteration. 

2. If p = 3, (1.6) becomes the modified Noor or three step iteration procedure and if in addition, 
T n is replaced by T, it is called Noor or three step iteration. 

3. If p = 2, (1.6) becomes the modified Ishikawa iteration procedure and if in addition, T n is 
replaced by T, it is called Ishikawa iteration. 

The modified multistep iteration with errors introduced by Liu and Kang [11] is defined 
by 



Ui G K 

Vj n -\-l — (1 ^n)^n H - bnT V n W n 

< = (i-^K + &;tx + 1 + < * = l,..,p-2 

vP - 1 = (l-XK + ^TX + X, P> 2 (1.7) 

where the sequences {6„}, {b l n }, ( i = 1, 1) are in [0, 1) and the sequences {w„}, {wh}, {i = 

1, ...,p — 1) are convergent sequences in K , all satisfy certain conditions. 

Remark 3. 

If T n is replaced by T, the modified multistep iteration with errors (1.8) reduces to the 
Noor and the Ishikawa iteration with errors respectively when p = 3 and 2. If in addition, 
w n = w l n = 0, (i = 1,2, ...), Vn € N, then (1.8) reduces to Noor and Ishikawa iterations (with- 
out errors) respectively. 

The Ishikawa and Mann iteration with errors of (1.7) was introduced by Liu [11]. Several 
papers have been written using this version of iteration procedure with errors. For example, 
see [6, 7, 9, 14, 15]. 
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However, it should be noted that the iteration process with errors (1.7) is not satisfactory. 
The errors can occur in a random way. The condition then imposed on the error terms which 
say that they tend to zero as n tends to infinity are therefore unreasonable (see [3]). This 
informed the introduction of a better modified iterative processes with errors by Xu [23]. 



The Xu’s modified multistep with errors is defined as follows: 
u\ £ K 

U n -\-l — (1 b n }u n T b n T V n T C n {w n Un} , 

< _1 = (l-bP~ 1 )u n + bP~ lr r n u n + cP~ 1 {wP~ 1 -U n ), P>2, (1.8) 

Respectively, where the sequences {w n }, H},(i = 1, ...,p— 1) are bounded sequences and 
{&„}, {b l n }, (i = 1, 1) in [0, 1) satisfy certain conditions n £ N. 



Observe that the modified multistep iteration with errors (1.8) is equivalent to 



u 1 
r^n+i 

np - 1 



£ I< 

= a n u n + b n T n vl l + c n w n , 

= a l n u n + b l n T n v' l r ^ 1 + (? n w l n , i = l, —,p- 2 
= a p ~ l u n + 6£ _1 T n u n + c p ~ 1 w p ~ 1 , p > 2,n > 1 



where the sequences [w n ], {ufy}, (* = 1, ...,p— 1) are bounded sequences in K, and {a„}, {a n } 1 , 
{b n }, {b^}, (i = 1, ...,p - 1) are in [0, 1) satisfying 
a n + b n + c n = a l n + b’ n + c l n = 1, i = 1,2, ....,p- 1. 



Rhoades and Soltuz ([20-21]) proved the equivalence of (modified) Mann- Ishikawa and 
multistep iteration for the strongly (successively) pseudocontractive maps (both Liptchitzian 
and non-Liptschitzian) with the assumption that K is bounded in a real Banach space. In [6], 
Huang et al. recently generalise the results of [20-21] to multistep iteration with errors in the 
sense of Liu (1.7). 

In this paper, we show that the modified Mann, Ishikawa, Noor and Smarandacheian mul- 
tistep iteration with errors (1.8) (using the more satisfactory definition of Xu [23] and that these 
iterations without errors are all equivalent for (uniformly) Lipchitzian strongly (successively) 
pseudocontractive maps in an arbitrary real Banach space without assuming boundedness of T 
in any form. 



The results generalise and extend the results of several authors, including those in [5-6], 
[9-16] and [18-25]. 



The following Lemma is needed for our results. 

Lemma [9], If X is a real Banach space and {a n } a non-negative sequence which satisfies 
the following inequality, 



&n+l — (1 T & n T Tro 
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where A„ £ (0, 1), 7 > 0 V n £ N, = 00, n < 00 and S n = o( A n ). Then 

linin^oo a n = 0. 

§2. Main results 

Theorem 1. Let X be an arbitrary Banach space, I\ a non-empty closed convex subset of 
X and T a strongly successively pseudo contractive and uniformly Lipschitzian self map of K 
with constant L > 1. Suppose that T has a fixed point x* £ F(T). Let aq, u\ £ K and define 
{x n } and {u n } by (1.5) and (1.8) with {6„}, {c n }, {b l n } and {c^}, i = 1, ...,p - 1, V n £ N as 
sequences in [0,1) satisfying 



lim b n = 0 = lim b\, 

n — >oo n — kx) 



and 



) b n = 00, lim Cn = 0, c n = o(b n ) (2.1) 

z ' n — >00 

n — 0 

Then the following are equivalent: 

(i) The modified Mann iteration with errors (1.5) converges strongly to x* £ F(T). 

(ii) The modified Smarandacheian multi-step iteration with errors (1.8) converges strongly to 
x* £ F(T). 

Proof. The existence of a fixed point x* follows from ([4, corollary 1]) which holds in an 
arbitrary Banach space and the uniqueness follows since T is a strongly successively pseudo 
contractive and uniformly Lipschitzian map. 

(ii) implies (i): It is obvious by setting b l n = 0 = c l n in (1.8), (i = 1, ...,p — 1), V n £ N. 

(i) implies (ii): From (1.8), we have 

^ n ^n+l T b n U n b n T V n C n {w n U n ) 

— ^n+i T ‘2b n u n + 1 2b n u n +i b n T rtn-t-i T b n T itn+i 

-b n ku n+ 1 + b n ku n+ 1 + b n u n - b n T n Vn - c n (w n - u n ) 

= (1 + b n )u n+ 1 + b n (I - T n - kl)u n+ 1 - (2 - k)b„[(l - b n )u n 
Fb n (T u n +i T v rl ) + b n u n c n [w n u n ) 

= (1 + b n )u n +i T b n (I T kI)u n +\ (2 k)b n u n - |_i 

+b n T n V 1 n + C n (w„ - «„)] + b n (T n U n+1 - T n Vn) 

+b„u n - C n (w n - U n ) 

= (1 + b n )u n + 1 T b n (I T kl)u n+ i (1 k)b n u n 

+(2 - k)b 2 n (u n - T n Vn) + b n (T n u n+1 - T"t£) 

-Cn[ 1 + (2 - fc)6„](w n - li„) 



(2.2) 
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From (1.5), we have 




= x n + 1 F 2b n x n -\-\ 2b n x n -j-i b n T x n +i 
X n -\- 1 kb n X n -\- 1 

-\-kb n x n -\-i -t- b n x n b n T x n c n (s n x n ) 



= (1 + K)x n+ i + b n (I - T n - kl)x n+ 1 - (2 - fc)&„a; n+ i + b n (T n x n+1 

T x n ) + b n x n c n (s n Xn) 



— (1 + b n )x n+ i + b n (I — T n — kl)x n+ 1 

(2 k)b n [{ 1 b n )x n b n T x n -\- c n (s n £n)] 

~kb n x n b n (T x n -\.\ T x n ) c n (s n x n ) 

= (1 + b n )x n+l + b n (I — T n — kl)x n+ 1 - (1 - k)b n x n 

+(2 - k)b 2 n (x n - T n x n ) - c n ( 1 + (2 - k)b n ){s n - £ n ) 

+^n(r”x n+1 — T n x n ) (2.3) 

Subtracting (2.2) from (2.3), we have 
x n -u n = (l + b n )(x n +i - u n +i) +b n [(I -T n - kl)x n +i 



Rewriting (2.4), we have 

(1 + b n ){x n+ 1 - u n+ i) + 6„[(/ — T n — kl)x n+1 - (/ - T" - fc/)u n+ i] 

= (a;„ - m„) + (1 - k)b n {x n - u n ) 

-(2 - k)b 2 n (x n -Un- T n X n + T n Vn) 

+Cn( 1 + (2 - fc)6„) [s„ - X n - Wn + U n \ 



-(/ -T n - kl)u n + 1 ] - (1 - k)b n (x n - Ii n ) 
+(2 — fc)&^(a;„ -u n - T n x n + T"^) 

c n (l + (2 k)b n )[s n x n w n u n ] 
+b n [T n x n+1 - T n x n - T n u n+ 1 + T n v'} 



(2.4) 



b n [T n x n+ i - T n x n - T n u n+1 + T^} 



(2.5) 



But 



(1 + b n )(x n+ 1 - u n+ i)b n ((I - T n - fc/)a; n+ i - (I - T n - kl)u n+1 ) 



(1 + bn) [(Xn+l - u n+1 ) + -^- ((/ - T" - fc/)cc n+1 — (I — T n — kl)u n+ l)} 

-f ""r 0 n 



( 2 . 6 ) 



Suppose x = x n +i and y = u n +i in (1.1) and using (2.6), we obtain 
(1 + b n ) \\x n +l ~ U n + 1 || 

< (l+b n )[\\x n+ i—u n+ i\\ + j^^((I—T n —kI)x n+ i—(I—T n —kI)u n+ i)} 



(2.7) 
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In view of (2.6) and (2.7), (2.5) becomes 

(1 + b n )\\x n +l - U n+ 1|| 

<(! + (!- k)b n )\\x n - u n || + (2 - k)b 2 n \\x n - T n x n \\ 

+ (2 - k)b 2 Ju n - T n vl || + b n \\T n x n+1 - T n x n \\ + b n \\T n u n+1 - T"<ll 
+ Cn( 1 + (2 - fc)6„)||s n - x n \\ + c n (1 + (2 - k)b n )\\w n - u n \\ 

< (1 + (1 — k)b n ) + +(2 — k)bn\\x n — T"a; n || 

+ (2 - k)b 2 n \\u„ - T n v\ J| + L6„||a; n+ i - x n \\ + b n L\\u n+ i - <|| 

+ c n ( 1 + (2 - fc)6„)||s„ - x„|| + c n (l + (2 - fc)MIK - u n \ | (2.8) 

We now evaluate ||u„ - T n < ||, ||x n+ i - z„|l and ||u„ + i - <||. 



Il^-n+l ^n|| — ||(1 b n )X n ~\~ b n T X n C n (s n X n ) X n 1 1 

^ bn | |^n T X n 1 1 + C n | |s n 1 1 (2.9) 



Un-v^W = ||(u n - (1 - b l n )u n - <T n < _ c l( u; l _ u„)|| 

< <IK - ^"<11 + <|K - U„|| (2.10) 



Similarly, 



IK- <|| 
IK-< _1 II 
IK+i -<|| 



I Kn+1 v n\\ 



IK+1 -<|| 



u n -T n v 2 n || 

Un-T^ || 



< <|k-tx +1 II + <IK-KI 

< 1 1 1 Wn - 1 1 + X 1 1 K _1 - 1 1 

— ||(1 b n )u n “t" b n T V n C n (w n U r! , ) V n 1 1 

^ ||^n W 1 1 + 1 1 U n T 1 1 ^ 1 1 U) n U n \ \ 

< <|K - T n <ll + & n ||u n - T n vl\\ + c„||w n - u n 1 1 

+ C nlK- u n|| 

= ||(1 - b n )u n + 6 n T n < + c n (w n - u„) - <|| 

1 1 U n 1 1 1 1 T 1 1 d - Cn 1 1 W n U n 1 1 

< <|]u„ - Tv* || + &n|K - T nv n\\ + Cn\\w n ~~ U n \\ 
+c 2 n \\w 2 n -u n \\ 

11(1 b n )u n -t - b n T V n C n {w n Un) U n 1 1 

d ||^n W 1 1 + ^n 1 1 U n T V n 1 1 C n \ \ UJ n U n 1 1 

< <|K - T n V l n l \\ + b n \\u„ - T"<|| + C n \\w n - U n 

+ C nlK- U n|| (2-15) 

< ||ar„ - u„|| + \\x n - T n x n \\ + L||a;„ - <|| 

— ||^n 1 1 “t“ ||^n T X n 1 1 ~t“ Zy||iT n 1 1 



( 2 . 11 ) 

( 2 . 12 ) 



(2.13) 



(2.14) 



(2.16) 

(2.17) 
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In view of (2.16) and (2.17), we have 



\u n -T n vl\\ = II u n -x n + x n -T n x n +T n x n -T n vl 



< 



_ ,u n -x n || + ||x n - T"x n || + L\\x n - v*|| 

= | \u n - x n 1 1 + | |x n - T n x n 1 1 

+L\\x n - (1 - b*)u n - blr n v 2 n - c^w 3 -u n ) II 

< (1 + L)||x n - u n II + ||x n - T n x n II + 6*L||x„ - T n x„|| 
+b 1 n L\\u n - x n \\ + b 3 L 2 \\x n - vl\\ + clL(wl - u„)|| 

= (1 + L + b\L) | |x n — u n \ | + (1 + b^L) | |x n — T n x n \ \ 

+b 1 n L 2 \\x n - (1 - b 2 n )u n - b 2 n T n vl - c 2 (w 2 - u„)|| 

+ c n L \\ w n -Un\\ 

< (1 + L + b\L + bnL 2 )\\x n — u n \ | 

+ (1 + b\L) ||x n - T n x n \ \ + b\b 2 n L 2 \\u n - T n vl\\ 

+ Cn^(^n - «n)|| + b\c 2 n L 2 \\ W 2 n - U n || 

< (1 + L + b\L + b^L 2 ) | |x n — u n \ | + (1 + b\L) \ \x n — T n x r 
+b 1 n b 2 n L 2 \\x n - u„|| + bnbnL 2 \\x n - T n x n \\ 

+bnb 2 n L 3 \\x n - v®|| + c^LWwl - u„|| + ^c 2 L 2 ||u> 2 - u n 

< (1 + L + b l n L + 2b l n Li 2 ) | |x n — u n \ \ 

+(l + b 1 n L + b 1 n L 2 )\\x n -T n x n \\ 

+b 1 n L 3 \\x n - t£|| + c^LWwl - u„|| + c 2 n L 2 \\w 2 n - u„|| 

< (1 + L + 3&*L 2 )| |x n — u n 1 1 + (1 + 2b\L 2 )\ \x n — T n x n \ \ ^ 



bnL 3 \\x n - vl\\ + c^LWw 3 - u n \ | + c 2 L 2 1 
Continuing in this way, we have 



wl - Un 



(2.18) 



\un-T n vl\ 



< (1 + L + (p - 1)6*2/ 2 )\\x n -u n \\ 

+(l + (p-2)b 1 n LP- 2 )\\x n -T n x n \\ 

P-2 

+ b nL p ~ 1 \\x n - +^2c l n L l \\w l n -u n 

2—1 



(2.19) 



But, from (1.8), 



\x n -v pl \\ < ||x„ - u n \\ + Vn 1 \\u n - T n u n 

+C P r 1 \\w P ~ 1 - Un II 



( 2 . 20 ) 



and 



| U n T U n || ^ ||^n U n 1 1 “t“ \\x n T X n \ \ .2||x n Un 

= (1 + L)||x„ - u n || + ||x„ - T"x„|| 



( 2 . 21 ) 
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Substituting (2.21) in (2.20), we obtain 



nP 1 1 



< 



rj-iT 



= 



< 



{l + b?- 1 +b p - 1 L)\\x n -u„\\ 

+c p ~ l IK" 1 -Un\\ + - T n x n \\ (2.22) 

(l + L + (p - l)bnL p ~ 2 )\\x n - u n || 

+(l + (p-2)b 1 n L p - 2 )\\x n -T n x n \\ 

+b 1 n L p - 1 (l + b p n - 1 + b p n - 1 L)\\x n -u n \\ 

+by n - 1 L p ~ 1 \\w p - 1 - u n \\ + blLP-^Wxn - T n x n \\ 

p-2 

+ J2 C n r W W n~ U n\\ 

i— 1 

(1 + L + (p 4- 2)<L p )||x„ — u n 1 1 
+(l + (p-l)bl l L p - 1 )\\x n -T n x n \\ 

p-2 

E^iK - «n|| + cT^IK- 1 - u „|| 
i=l 

(1 + L + (p+ 2)b 1 n L p )\\x n - u n II 

<l + (p-l))<I7- 1 ||x„-T"x„|| 

P-1 

+ E4^iK-^ll (2.23) 



Similarly, using (1.8), we have 



\\u n - T n v 2 \\ < ||u„ - x n \\ + \\x n - T n x n \\ + L\\x n - u 2 || 

< (1 + L) \\x n - U n || + ||x n - T n x n || + £& 2 ||u„ - X n \\ 

+ ^nlkn - r n X n || + L 2 b 2 n \\x n - <|| + Lc 2 n \\w 2 n - U n \\ 

= (1 + L + -b<)||x n — u n || + (1 + Lbn)\\x n — T ra x n || 

+ L2 K\\ X n - Vn\\ + Lc 2 Jwl ~U n \\ 

= (1 + L + -b<)||x n — tt n || + (1 + Lb^ l )\\x n — T n x n || 

+ L 2 b 2 n \\x n - (1 - bl)u n - b 3 n T n v * - c 3 n (w 3 - u n )|| 

+ L(*\\wl - u n \\ 

< (1 + L + Lb n + -b“<)||x n — u n || + (1 + -b& 2 )||x n — T n x n \\ 
+ L 2 «K - x n + x n - T n x n + T n x n - T n <|| 

+ L 2 l%cl\\wl - u„|| + - u n || 

< (1 + L + + 2L~~bn)\\x n — u n || 

+ (1 + 2L 2 bl)\\x n - T"x n || + 6 2 L 3 ||x n - <|| 

Lc n \\w n — u n || + L c„||w„ — u n || 
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< 


(1 + L + 26 2 L 2 + 6 2 L 3 + 6 2 L) || Xj 


a || 


+ 


(1 + 26 2 U 2 + 6 2 L 3 ) |a: n — T ra x n | 




+ 


6 2 6^ 3 K-T% 3 || + L 3 c4||^. 


-uj + L 2 c 3 ||u> 3 -uj 


+ 


-^' C 7lll W, 7l — u ra|l 




< 


(1 + L + (p+ l)&„L p_1 )||x n - U n 


ii + a+sb^iK-T^n 


+ 


b 2 n L 3 \\x n - u 3 1| + U 3 c4||r4 - u„| 


+ L 2 cl\\w 3 - U n \\ 


+ 


Lc 2 ||m; 2 -m„|| 


(2.24) 



Generalising (2.24), we have 



\\Un-T n vl\\ < 

+ 

+ 



(1 + L + (p - l)b 2 n L p 3 )||x n -M n || 
(: l + (p-3)b 2 n Lr- 3 \\x n ~T n x n \\ 

P~ 2 

b 2 n L^\\x n -v^\\ + Y,<L i \\< 



|| 



(p > 3) (2.25) 



Using (2.22), (2.25) becomes 



\\Un-T n V 2 J < 
+ 
+ 
+ 

+ 

< 



< 



+ 



(1 + L + (p - l)b 2 n L p 3 )||a;„ — u n \\ 

(l + (p-3)b 2 n Lr- 3 \\x n ~T n x n \\ 
b 2 n L p -\ i + &r i +&r i r)ii: C „- Un |i 
blL p - 3 l?- l \\xn-T n x n \\ 

P~ 2 

& n iP " 3c ^ _1 |K _1 - U n \\ +J2 C n r W W n ~ u n\\ 

2=1 

(1 + L + (p + 2)6 2 L P 2 )||a;„ — u n \\ 

(l + (p-2)b 2 n L p - 2 )\\x n -T n x n \\ 

P-2 

c p_ 1 i p_ 1 || w p_ 1 _ Un || + ^ - u n || 

i=2 

(1 + L + {p + 2 ) 6 2 L P 2 )||a;„ — u„|| 

(1 + (p — 2)5 2 L p_2 )||x r j — T"x n || 

p-i 

£cj l L < ll<-«»ll ( 2 . 26 ) 



Substituting (2.23) and (2.26) in (2.13), we obtain 



IK+i-^ll < 
+ 



^nW + L + (p + 2)& 2 "]||o: n — u„|| 
[1 S - (p 2) b^L^— 2 ] \ \x n T n x n || 
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+ b n [l + L + (p + 2)b^ n L p ]\\x n — u n || 

+ 6„[(1 + (p — l))&J l L p_1 ]||a: rl — T n x n \\ 

p - 1 

+ Y.^L i \\w i n ~u n \\ (2.27) 

i— 1 



Substituting (2.9), (2.23) and (2.27) in (2.8), we have 



(1 + 6„)||a: n+ i - u n+ i|| < [1 + (1 — k)b n \\x n — u n \\ + (2 - k)b 2 n \\x n — T n x n \\ 

+ (2 — k)b^[ 1 + L + (p+ 2 )bl l L p ] \\x n — u n || 

+ (2 - fc)^[l + (p- l)6iL p - 1 ]||* n - T n x n \\ 

p - 1 

+ (2-fc)^^4L < ||<-u n || 

2=1 

"b ^ ^n|| "b ^^ndnll^n £n|| 

+ “b i + (p + l)b^L P 2 ] 1 1 £Cjt. — Un|| 

+ 6„6iL[l + L + (p - 2)b 2 n LP~ 2 }\\x n - T n x n \\ 

p- 1 

+ b n L^2c l n L l \\w z n ~u n \\ 

2 = 2 

+ {b n ) 2 L[ 1 + L + (p + 2)6*L p ]||iE n — u n || 

+ (b n ) 2 L[ 1 + (p - 1)&J,L* , - I ]||a: n - 3 nn a; n || 

p-i 

+ b n L ''y ( c n Z, \\w n ~ 'd-Ti.ll 

z — 1 

+ C„(l + (2 - fc)MIK - a; n || 

“b C n (l “t“ (2 &)&n)||^n Wn|| 



||^n+i ~ w n -|_i|| < — - — — - [1 + (1 — k)b n + (2 — k)b n [l + L + (p + 2)b 1 n L v 

-L \ o n 

+ b n L( 2 + 2 L+(p+ 1 )b 2 n LP~ 2 + (p + 2)b l n L p }\\x n - u n \\ 

+ [(2 - k)b n {2 +(p- 1) pb^LP - 1 + b n L[2 + (p - 2)6^LP- 2 

p-i 

+ (P - l)6iL p " 1 )]||* n - T”z„|| + ((2 - k)b 2 n + b n L) £ - u n ||] 

2=1 

+ b n (c n (l + (2 - k)))(\\s n - x n \\ + \\w n - u n \\) (2.28) 



Note that (1 + b n ) 1 = 1 — b n + & 2 . 



H^-n+l ^n+l|| fb j4 n ||x n U n || + 7? n ||x n T X n \\ ~\~ ^)n 



(2.29) 
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where 

A n = [1 + (1 — k)b n ] [(1 — b n + 6^] + b n [(2 — fc)(l + L + (p + 2)b i n L p 
+ b n L{ 2 + 2 L+(p + l)b 2 n LP~ 2 + (p+ 2 )b l n LP] 

B n = b n [(2-k)(2 + (p~l)b 1 n LP- l + 2L+(p-2)b 2 n LP- 2 + (p-l)b 1 n LP- 1 )] 

p - 1 

In = {{^-k)b 2 n + b n L)'^c % n L l \\w' l n ~u n \\\+b n {c n {l + {2-k)))\\w n -u n \\ 

i = 1 

+b n {c n { 1 + (2 - fc))||s n - X n \\ 

Note that 

[1 + (1 — k)b n ](l — b n + b A) = 1 — kb n + kb ^ + (1 — ft)6^ 

< 1 - kb n + kti^ + (1 - k)b 2 n 
= 1 - kb n + b 2 n 

Therefore, A n < 1 — kb n + b n (M\ + M 2 + M 3 ) where 

Mi = (2 — fc)(l + L + (p + 2)&i LP), M 2 = 2 + 2L + (p + l)b 2 LP~ 2 , M 3 = (p+ 2 )b\LP 

Since by assumption, b n , b \ — > 0, there exists an integer TV such that 
b n {Mi + M 2 + M 3 ) < fc(l - fc)Vn > JV 



Thus, 

A„ < 1 — kb n + k( 1 — /c)6 ra = 1 — k 2 b n 

Hence, A„ = k 2 b n C (0,1) Substituting A„ in (2.29), we have 

||x n+ i - u n+ i|| < (1 - k 2 bn)\\x n - U n \\ + B n \\x n - T n x n \\ + 

By assumption, we have lim^^oo \\x n — x*|| = 0 (x* £ F(T)). Since T is uniformly Lipschitzian, 
we have 

0 < \\x n -T n x n \\<\\T n x n -T n x*\\ + \\x n -x*\\ 

< (1 + L)||x n — x*|| — > 0 as n — > oo 
So we have lim n ^. 00 \\x n — T n x„]\ = 0 

Hence, all the assumptions of our Lemma are satisfied. Hence, we have limn^oo \\x n — u n \\ = 0. 
Then \\u n - z*|| < \\x n - u n \\ + \\x n - x*|| — > 0, (n — > oo) 

Corollary 1. Let X,K,L,T,{a n },{b n },{c n },{a! n },{b'! n }{c't n },{w n },{wl n }, 
i = 1, ...,p — l(p > 2), be as in Theorem 1, then for any initial points iq, aq £ K , the following 
statements are equivalent: 1. (Modified) Mann iteration with errors (1.5) converges strongly 
to the unique fixed point of T. 

2. (Modified) Ishikawa iteration with errors (if p = 2 in (1.8)), converges strongly to the unique 
fixed point of T. 

3. (Modified) Noor iteration with errors (if p = 3 in (1.8)), converges strongly to the unique 
fixed point of T. 

4. (Modified) Smarandacheian multi-step iteration with errors (1.8) converges strongly to the 
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unique fixed point of T. 

Corollary 2. Let X, K, L, T, {a n }, {&„}, {c„}, {<}, {bj.Hcj,}, ,{w n }, |<}, 
i = 1, ...,p — l(p > 2), be as in Theorem 1, then for any initial points u\, X\ £ I\ , the following 
statements are equivalent: 

1. (Modified) Mann iteration converges strongly to the unique fixed point of T. 

2. (Modified) Ishikawa iteration converges strongly to the unique fixed point of T. 

3. (Modified) Noor iteration converges strongly to the unique fixed point of T. 

4. (Modified) Smarandacheian multi-step Noor iteration converges strongly to the unique fixed 
point of T 

. Proof. If s n = w n = w l n = 0 for each i = 1, ...,p — 1 in Corollary 1, the result follows. 

In view of Corollary 1 and Corollary 2, we have the following theorem. 

Theorem 2. Let X be an arbitrary Banach space, K a non-empty closed convex subset 
of X and T a strongly successively pseudocontractive and uniformly Lipschitzian self map of K 
with constant L > 1. Suppose that T has a fixed point x* £ F(T). Let Xi,u\ £ K and define 
{x ra } and {u n } by (1.7) and (1.6) respectively, with {s„}, {w„}, {w l n }, i = 1, ...,p— 1 bounded 
sequences in K and {&„}, {&(,}, i = 1, ...,p — 1 Vn £ N as sequences in [0, 1) satisfying 
lim„ — ,oo 0 lim „ — 0 b rj , i — 1, ...,j> l,n ^ 0 
and E^=0 b n = OO, E ^=0 Cn = 0, 4 = o(6fy 
Then, the following are equivalent: 

1. The (modified) Mann iteration converges strongly to x* £ F(T). 

2. The (modified) Mann iteration with errors converges strongly to x* £ F(T). 

3. The (modified) Ishikawa iteration converges strongly to x* £ F(T). 

4. The (modified) Ishikawa iteration with errors converges strongly to x* £ F(T). 

5. The (modified) Noor iteration converges strongly to x* £ F(T). 

6. The (modified) Noor iteration with errors converges strongly to x* £ F(T). 

7. The (modified) Smarandacheian multi-step iteration with errors converges strongly to 
x* £ F(T). 

8. The (modified) Smarandacheian multi-step iteration converges strongly to x* £ F(T). 

Remark 5. 

Our results generalise and extend the results of [1-25] in the following way: 

1. Theorem 5 of [21] and Theorem 4 of [20] are special cases of our Theorems 1 and 2. in that 
error terms are not considered in [21] and [20]. 

3. Our results extend the equivalence of convergence of modified Mann and Ishikawa, and Noor 
iteration to the more generalised (modified) Smarandacheian multi-step iterations with errors 
for the uniformly Lipschitzian strongly (successively) pseudocontractive operators in arbitrary 
real Banach space. The assumption of boundedness of subset K in X or boundedness of range 
of the operator T is not necessary. 

4. Our results generalises the results of [6] and [7] in the sense that we used a more general and 
acceptable iterations with errors in the sense of Xu [23] , of which the iteration with errors due 
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to Liu [10] used in [6] and [7] are special cases. 

Consequently, our theorems and corollaries improves and generalise all the recent results in [18, 
26] and their references. 
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Abstract In this paper Smarandache z'— connectedness and Smarandache locally 
z'— connectedness in topological space are introduced, obtained some of its basic properties 
and interrelations are verified with other types of connectedness. 
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§1. Introduction 

After the introduction of semi open sets by Norman Levine various authors have turned 
their attentions to this concept and it becomes the primary aim of many mathematicians to 
examine and explore how far the basic concepts and theorems remain true if one replaces 
open set by semi open set. The concept of semi connectedness and locally semi connectedness 
are introduced by Das and J. P. Sarkar and H. Dasgupta in their papers. Keeping this in 
mind we here introduce the concepts of connectedness using v — open sets in topological spaces. 
Throughout the paper a space X means a topological space ( X , r). The class of v — open sets is 
denoted by v — 0{X 1 r) respectively. The interior, closure, z'— interior, z^— closure are defined by 
A°, A - , uA°, vA~ respectively. In section 2 we discuss the basic definitions and results used in 
this paper. In section 3 we discuss about Smarandache z^— connectedness and z'— components 
and in section 4 we discuss locally Smarandache z^— connectedness in the topological space and 
obtain their basic properties. 



§2. Preliminaries 

A subset A of a topological space (X,t) is said to be regularly open if A = ((A)“)°, semi 
open (regularly semi open or v— open) if there exists an open (regularly open) set O such that 
O C A C ( 0)~ and z/— closed if its complement is v— open. The intersection of all v — closed 
sets containing A is called v — closure of A, denoted by z/(A) _ . The class of all v — closed sets are 
denoted by v— CL(X, r). The union of all v — open sets contained in A is called the v — interior 
of A, denoted by u(A)° . A function /: (X, r) — > (Y, a) is said to be ^—continuous if the inverse 




S. Balasubramanian , C. Sandhya and P. Arana Swathi Vyjayanthi 



No. 2 



image of any open set in Y is a v— open set in X\ said to be v— irresolute if the inverse image of 
any v— open set in Y is a v— open set in X and is said to be v— open if the image of every v— open 
set is v— open. / is said to be u— homeomorphism if / is bijective, v— irresolute and v— open. 
Let x be a point of ( X , r) and V be a subset of X, then V is said to be v— neighbourhood of x 
if there exists a u— open set U of X such that x £ U C V . a; £ J is said to be v— limit point 
of U iff for each v— open set V containing x, V fl (U — {aa}) ^ <j>. The set of all v— limit points 
of U is called v— derived set of U and is denoted by D V (U). union and intersection of v— open 
sets is not open whereas union of regular and v— open set is v— open. 

Note 1. Clearly every regularly open set is v— open and every v— open set is semi-open 
but the reverse implications do not holds good, that is, RO(X)c v — 0(X) CSO(X). 

Theorem 2.1. (i)If B CX such that A C B C (A) - then B is v— open iff A is v— open. 
(ii)If A and R are regularly open and S is v— open such that R C S C (R)~ ■ Then An II = </> 
An s = (f>. 



Theorem 2.2. (i) Let A C Y C X and Y is regularly open subspace of X then A is 
v — open in A iff A is v — open in r/y. 

(ii)Let Y Cl and A € v — 0 (Y,t/y) then A £ v — 0(X,r) iff Y is u — open in X. 

Theorem 2.3. An almost continuous and almost open map is ^—irresolute. 

Example 1. Identity map is ^—irresolute. 



§3.i/— Connectedness. 

Definition 3.01. A topological space is said to be Smarandache v — connected if it cannot 
be represented by the union of two non-empty disjoint v — open sets. 

Note 2. Every Smarandache ^—connected space is connected but the converse is not true 
in general is shown by the following example. 

Example 2. Let X = {a, 6, c} and r = {(/),{a}, X}; then (X,t) is connected but not 
v — connected 

Note 3. Every Smarandache ^—connected space is r-connected but the converse is not 
true in general is shown by the following example. 

Example 3. Let X = {a,b,c} and r = {cj>, {a}, {b}, {a, b}, X} then (X,t) is r-connected 
but not Smarandache v — connected 

similary one can show that every semi connected space is Smarandache i/— connected but 
the converse is not true in general. 
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Theorem 3.01. Let (X,t) and (Y,a) be two topological spaces. If/: (X, r) — * ( Y,a ) 
is a v — open and v — continuous mapping, then the inverse image of each v — open set in Y is 
v — open in X 

Corollary 3. Let (X, r) and (Y, a) be two topological spaces. If/: (X, t) — » (Y, a) is an r- 
open and r-continuous mapping, then the inverse image of each v — open set in Y is v — open in X 

Theorem 3.02. If /: (X, t) — > ( Y,a ) is a ^—continuous mapping, and (X, r) is Smaran- 
dache z'— connected space, then (Y, a) is also v— connected. 

Corollary 4. If / : (X, r) — > ( Y, a) is a r-continuous mapping, and (X, r) is Smarandache 
z'— connected space, then (Y, a) is also Smarandache z/— connected. 

Theorem 3.03. Let (X, r) be a topological space and 

(i) A be v— open. Then A is Smarandache z/— connected if and only if ( A , t / A) is Smarandache 
v — connected 

(ii) A be r-open. Then A is Smarandache v — connected if and only if (. A,t/A ) is Smarandache 
v — connected 

Lemma 3. 01. If A and B are two subsets of a topological space (X, r) such that A C B 
then ^(A) _ C v{B)~ 

Lemma 3.02. If A is z/— connected and A C C U D where C and D are v— separated, then 
either A C C or A C D. 

Proof. Write A = (A D C) U (A fl D). Then by lemma 3.01, we have (A fl C) n 
(i '{A)~ D v{D)~) C C fl v(D)~ . Since C and D are ^—separated, C fl v{D)~ = <j> and so 
(dnC)fl {v{A)~ fl v{D)~) = </>. Similar argument shows that (v(A)~ H p(C)~) Pi (A HD) = (j>. 
So if both (A n C) ^ <t> and (iflD) / <f>, then A is not Smarandache ^—connected, which is a 
contradiction for A is Smarandache z^— connected. Therefore either (An (7) = <j> or (APD) = 0, 
which in turn implies that either A C C or A C D. 

Lemma 3.03. The union of any family of Smarandache Z/— connected sets having non- 
empty intersection is a Smarandache v — connected set. 

Proof. If E = U E a is not v — connected where each E a is Smarandache v— connected, then 
E = A U B, where A and B are v — separated sets. Let x £ PE a be any point, then x £ E a for 
each E a and so x £ E which implies that x £ APB in turn implies that either x £ A or x £ B. 

Without loss of generality assume x £ A. Since x £ E a , A fl E a ^ (j> for every a. By 
lemma 3.02, either each E a C A or each E a C B. Since A and B are disjoint we must have 
each E a C A and hence each E C A which gives that B = <j>. 

Lemma 3.4. If A is Smarandache Z/— connected and A C B C v(A)~ , then B is Smaran- 
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dache //—connected set. 

Proof. If E is not //—connected, then E = AU B, where A and B are //—separated 
sets. By lemma 3.02 either E C A or E C B. If E C A, then v{E)~ C //(A) - and so 
v(E)~ fl B C //(A) - ft B = <f>. On the other hand B C E C v{E)~ and so v{E)~ fl B. Thus we 
have B = <j>, which is a contradiction. Hence the Lemma. 

Corollary 5. If A is Smarandache //—connected and A C B C (A) - , then B is Smaran- 
dache //—connected set. 

Lemma 3.5. If/: (X,t) — > (Y, er) is //—open and //—continuous, A C X is //—open. Then 
if A is //—connected, /(A) is also Smarandache //—connected. 

Proof. Let / : (A, r) — * (Y, a) is open and //—continuous, A C A be open. Since A 
is //—connected and open in (A, r), then (A,t/a) is also //—connected (by Th. 3.03). Now 
f/ A : (A,t/ A ) — > (j{A),(Tf(A)) is onto and //—continuous and so by theorem 3.02 /(A) is also 
//—connected in (/( A) , <7^) ) . Now for / is open, / (A) is open in (Y, u) and so by theorem 3.03, 
/(A) is Smarandache //—connected in (Y,a) 

We have the following corollaries from the above theorem 

Corollary 6. If/: (A, r) — > (Y, a) is r-open and r-continuous, A C A is r-open. Then if 
A is //—connected, then / (A) is also Smarandache //—connected. 

Corollary 7. If / : (A, r) — > (Y, a) is //—open and //—continuous, A C A is r-open. Then 
if A is connected, then / (A) is also Smarandache //—connected. 

Definition 3.02. Let (A, t) be a topological space and x £ X. The //—component of x, 
denoted by v C(x), is the union of Smarandache //—connected subsets of X containing x. 

Further if E C A and if x £ E, then the union of all //—connected set containing x and 
contained in E is called the //—component of E corresponding to x. By the term that C is a 
//—component of E, we mean that C is //—component of E corresponding to some point of E. 

Lemma 3.06. Show that vC{x) is Smarandache //—connected for any x £ X 

Proof. As the union of any family of Smarandache //—connected sets having a non- 
empty intersection is a Smarandache //—connected set, it follows that vC\x) is Smarandache 
//—connected 

Theorem 3.04. In a Topological space (A, r), 

(i) Each //—component z/(x) is a maximal Smarandache //—connected set in A. 

(ii) The set of all distinct //—components of points of A form a partition of A and (iii) Each 
v{x) is //—closed in A 

Proof, (i) follows from the definition 3.02 
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(ii) Let x and y be any two distinct points and uC(x) and vC(y) be two r-components of x 
and y respectively. If vC(x) fl vC(y) ^ <j>, then by lemma 3.03, vC(x) U vC(y) is Smarandache 
v— connected. But vC(x ) C vC(x) U vC(y) which contradicts the maximality of vC(x). 

Let x £ A be any point, then x £ t/C( x) implies U{x} C U uC(x) for all x € A which 
implies A C U uC(x) C X. Therefore U vC{x) = X 

(iii) Let x £ X be any point, then (i/C(x))~ is a z'— connected set containing x. But z/C(x) is 
the maximal Smarandache z'— connected set containing x, therefore (isC(x))- C vC\x). Hence 
vC(x) is z'— closed in X. 



§4. Locally p— connectedness 

Definition 4.01. A topological space (A, t) is called 

(i) Smarandache locally z^— connected at x £ X iff for every v — open set U containing x, there 
exists a Smarandache z'— connected open set C such that x £ C C U. 

(ii) Smarandache locally z^— connected iff it is Smarandache locally z^— connected at each x £ X . 

Remark 3. Every Smarandache locally v — connected topological space is Smarandache 
locally connected but converse is not true in general. 

Remark 4. Smarandache local ^—connectedness does not imply Smarand- 
ache v — connectedness as shown by the following example. 

Example 4. X = {a, b, c} and r = {cj>, {a}, {c}, {a, 6}, {a, c}, X} then (X,t) is Smaran- 
dache locally v — connected but not Smarandache i'— connected. 

Remark 5. Smarandache v — connectedness does not imply Smarand- 
ache local ^—connectedness in general. 

Theorem 4.01. A topological space (A, r) is Smarandache locally i/— connected iff the 
^—components of v — open sets are open sets. 

Theorem 4.02. If / : (X,t) — » (Y. a) is a J'— continuous open and onto mapping, and 
(A, r) is Smarandache locally i'— connected space, then (Y, a) is also locally Smarandache 
v — connected. 

Proof. Let U be any v — open subset of Y and C be any v — component of U, then f~ 1 (U) 
is v — open in A. Let A be any v — component of / -1 (t/). Since A is locally v — connected and 
f~ l {U) is v— open, A is open by theorem 4.01. Also /(A) is v — connected subset of Y and since 
C is component of U, it follows that either f(A) C C or /([/) fl C = <j>. Thus / -1 (C) is the 
union of collection of ^—components of / -1 (/7) and so / _1 (C') is open. As / is open and onto, 
C = foj~\C) is open in Y. Thus any z^— component of v — open set in Y is open in Y and 
hence by above theorem Y is Smarandache locally v— connected. 
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Corollary 8. If / : ( X , r) — > (Y. a) is a r-continuous r-open and onto mapping, and (X, r) is 
Smarandache locally //—connected space, then (Y, cr) is also Smarandache locally i/— connected. 

Proof. Immediate consequence of the above theorem. 

Note 4. semi connectedness need not imply and implied by locally semi connectedness. 
Similarly a Smarandache //—connected space need not imply and implied by Smarandache lo- 
cally //—connected in general. 

Theorem 4.03. A topological space (X, r) is Smarandache locally //—connected iff given 
any x £ X and a //—open set U containing x, there exists an open set C containing x such that 
C is contained in a single //—component of U. 

Proof. Let X be Smarandache locally //—connected, x £ X and U be a //—open set 
containing x. Let A be a v— component of U containing x. Since X is Smarandache locally 
//—connected and U is //—open, there is a Smarandache //—connected set C such that x £ C C 
U. By theorem 3.01, A is the maximal Smarandache //—connected set containing x and so 
x £ C C A C U. Since //—components are disjoint sets, it follows that C is not contained in 
any other //—component of U. 

Conversely, suppose that given any point x £ X and any //—open set U containing x, there 
exists an open set C containing x which is contained in a single //—component F of U . Then 
x € C C F C U. Let y £ F, then y £ U. Thus there is an open set O such that y £ O 
and O is contained in a single //—component of U. As the //—components are disjoint sets 
and y £ F,y £ O C F . Thus F is open. Thus for every x £ X and for every //—open set 
U containing x, there exists a Smarandache //—connected open set F such that x £ F C U. 
Thus (X, t) is Smarandache locally //—connected at x. Since x £ X is arbitrary, (X, r) is 
Smarandache locally //—connected. 

Remark 6. 

Connected <= semi-connected 

$ ^ 

r-Connected <= //—Connected, 

none is reversible 

Example 5. FOR X = {a, b, c, cl}; n = {</>, {6}, {a, 6}, {b, c}, {a, b, c}, X} 
r 2 = {</>, {a},{6},{a,fr},X} and r 3 = {< j > , {a}, {fr}, {d}, {a, 6}, {a, d}, {b, d}, {a, b, c}, {a, 6, d}, X} 

(X, ti) is both r-connected and Smarandache //—connected; (X, r 2 ) is r-connected but not 
Smarandache //—connected and (X, r 3 ) is neither r-connected and nor Smarandache //—connected 

Conclusion. 

In this paper we defined new type of connectedness using //—open sets and studied their 
interrelations with other connectedness. 
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§1. Introduction 

Similar to rpp rings, a semigroup S is called an rpp semigroup if for any a £ S, aS 1 regarded 
as a right S' 1 system is projective. In the study of the structure of rpp semigroups, Fountain [1] 
considered a Green-like right congruence relation C* on a semigroup S defined by (a, b £ S)aC*b 
if and only if ax = ay <f=> bx = by for all x, y £ S 1 . Dually, we can define the left congruence 
relation 1Z* on a semigroup S. It can be observed that for a,b £ S,a£*b if and only if aCb 
when S' is a regular semigroup. Also, we can easily see that a semigroup S is an rpp semigroup 
if and only if each £*-class of S contains at least one idempotent. Later on, Fountain [2] called 
a semigroup S an abundant semigroup if each £*-class and each 7£*-class of contain at least 
one idempotent. An important subclass of the class of rpp semigroups is the class of C-rpp 
semigroups. We call an rpp semigroup S a C-rpp semigroup if the idempotents of S are central. 
It is well known that a semigroup S' is a C-rpp semigroup if and only if S is a strong semilattice 
of left cancellative monoids (see [1]). Because a Clifford semigroup can always be expressed as 
a strong semilattice of groups, we see immediately that the concept of C-rpp semigroups is a 
proper generalization of Clifford semigroups. Guo-Shum-Zhu [3] called an rpp semigroup S a 
strongly rpp semigroup if every L* contains a unique idempotent a + £ L* (~l E(S) such that 
a + a = a holds, where E(S) is the set of all idempotents of S. They then called a strongly 
rpp semigroup S a left C-rpp semigroup if C* is a congruence on S and eS C Se holds for any 
e £ E(S. It is noticed that the set E(S) of idempotents of a left C-rpp semigroup S forms a 
left regular band, that is ,ef = e/e for e, / £ E(S). Because of this crucial observation, we can 
describe the left C-rpp semigroup by using the left regular band and the C-rpp semigroup. The 
structure of left C- rpp semigroups and abundant semigroups has been investigated by many 
authors (see [4-12], In particular, it was proved in [3] that if S' is a strongly rpp semigroup whose 
set of idempotents E(S) forms a left regular band, then S is a left C-rpp semigroup if and only 
if S is a semilattice of direct products of a left zero band and a left cancellative monoid, that 
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is, the left C-rpp semigroup S is expressible as a semilattice of left cancellative strips. 

Let S be a semigroup, A a subset of S and let 

f 1 2 ■■■ n \ 

\ cr(l) er(2) • • • a{n) J 

a non-identity permutation on n objects. Then a semigroup A is said to satisfy the permutation 
identity determined by a (in short, to satisfy a permutation identity if there is no ambiguity ) 
If (V#i, X 2 , ■ ■ ■ ,x n € A) X\X 2 ■ ■ • x n = a; C r(i)a; C r( 2 ) ■ ■ ■ Xa( n ) , Where ■ ■ ■ x n is the product of 
xi,X 2 ,--' ,x n in S. If A = S, then S is called a PI- semigruop. Guo[13] investigated abun- 
dant semigroups whose idempotents satisfy permutation identities, and the quasi-spined prod- 
uct structure of such semigroups was established. In particular, the structure of Pi-abundant 
semigroups was obtained. Later, Guo[14] again discussed strongly rpp semigroups whose idem- 
potents satisfy permutation identities, Du-He [15] obtained the structure of eventually strongly 
rpp semigroups whose idempotents satisfy permutation identities. 

By modifying Green’s star relations, Kong-Shum[16] have introduced a new set of Green’s 
^-relations on a semigroup and by using these new Green’s relations, they were able to give a 
description for a wider class of abundant semigroups, namely, the class of ff- abundant semi- 
groups(see[16]). As a generalization of rpp semigroups whose idempotents satisfy permutation 
identities, the aim of this paper is to investigate Smarandache fy-rpp semigroups whose idem- 
potents satisfy permutation identities, that is, PI- #-rpp. 

For terminology and notations not give in this paper, the reader is referred to refer- 
ences^?, 18]. 

§2. Preliminaries 

We first recall that the Green’s #- relations defined in [16]. 

aC^b if and only if for all e, / 6 E(S 1 ),ae = af 4$ be = bf , 
aR.#b if and only if for all e, / £ E(S 1 ),ea = fa <=> eb = fb. 

We easily check that the relations C& and 7?# are equivalent relation. However, C& is not a 
right compatible (that is, right congruence) ,1Z# is not a left compatible (that is, left congruence), 
and C C C* C 1Z C 1Z* C 7?#. A semigroup S is right ^-abundant if each £#- class of S 
contains at least one idempotent, write as ff- rpp. we can define left fy -abundant semigroups du- 
ally, write as #-lpp. A semigroup S is called fy-abundant if it is both right # -abundant and left 
#- abundant. Abundant semigroups S is proper subclass of ^-abundant semigroups(see[16]), 
and if a, b are regular elements of S , then a£&b if and only if aCb (see[16]). 

If there is no special indication of C& relation on S, we always suppose is a right congru- 
ence on S, and always suppose that S' is a Smarandache #-rpp semigroup whose idempotents 
satisfy permutation identities, that is, PI- fy-rpp. 

Lemma 2.1. [16] For any e € E(S),a £ S, the following conditions are equivalent: 

(1) (e, a) e 

(2) a = ae and ag = ah *=> eg = eh(\/g , h £ TfyS 1 )). 
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A band B is that a semigroup in which every element is an idempotent. We call a band B 
a [left,right]normal band if B satisfies the identity ( abc = acb,abc = bac)abcd = acbd. 

Lemma 2.2. [14] The following statements are equivalent for a band B : 

(1 )B is normal; 

(2 ) B is a strong semilattice of rectangular bands; 

(3) £ and 1Z are a left normal band congruence and a right normal band congruence on, respec- 
tively. 

It is well known that any band is a semilattice of rectangular bands. If B = U is the 
semilattice decomposition of a band B into rectangular bands B a with a £ Y , then we shall 
write B a = E(e ) for e £ B a and B a > Bp when a > (3 on the indexed semilattice Y . Next, we 
always assume that S is a Smarandache #-rpp semigroup satisfying the permutation identity: 
X\X 2 ■ ■ ■ x n = x a (i-)X a ( 2 ) • • • £o-(n)- We denote idempotents in the Cft- class of a by aft for every 
a £ S. 

Lemma 2.3. [17] E(S) is a normal band. 

Lemma 2.4. Let a £ S, e, / £ E(S). Then 
(1 )efa = efa* ; 

(2 )eaf = eaef. 

Proof. Suppose that i is the minimum positive number such that a(i) ft i. Obviously 

i < <r(i). 

(1) Take Xj = e when 1 < j < i,Xj = /, if 1 < j < i,Xj = f,i < j < a(i),a(i) = a 
otherwise cr(i) = aft. Then e(a;iir 2 • • • x n )a # = efa. On the other hand, by Lemma 2.4, 
e(x a (i)Xcr( 2 ) ■ ■ ■ £cr(n)) = eafa#, and hence, efa = eafaft. 

(2) Now, assume that Xj = e when 1 < j < a(i),x a ^\ = a otherwise Xj = /, then 
e(xia :2 • • • x n )f = eaf, and ee(x rT ( 1 )X <7 ( 2 ) ‘ ‘ ‘ x a(n))f = eaef or eafef. Hence, by Lemma 2.3, 
we can infer that eafef = eaa^fef = eaa^eff = eaef. Thus, we get eaf = eaef 

Now suppose that E(S) = [ Y , E a , Tq^] is the strong semilattice of rectangular bands E a . 
If e £ E a , we will write the rectangular band E a by E(e). Also if E a Ep C Ep, then we can 
write Ep < E a . 

Lemma 2.5. For every aft £ S and / £ E(S). If a = bf, then E(a < E(f). 

Proof. If a = bf , then a = af. By the definition of Cft , we have aft = aft f , and so 
E{a#) < E(f). 

§3. The structure of Smarandache =#=-rpp semigroups satis- 
fying permutation identities 

In this section, we will give the concept of weak spined product of semigroups, and the 
structure of Smarandache #-rpp semigroups satisfying permutation identities is obtained. 

We now define a relation e on S as follows: 

aeb if and only if for some / £ Eftft),a = bf, 



where aft £ S. 
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Lemma 3. 1.(1) e is a congruence on S preserving £#-class; 

(2 )en£* = is (the identical mapping on S' ). 

Proof. First of all, we prove that e is an equivalence relation. Obviously, aea since a = aa * 
for all a £ S. Hence e is reflexive. 

Let a,b £ S with aeb. Then for some / £ E(b*),a = bf. By Lemma 2.5 ,E(a*) < E(f ) = 
E(b *). It follows that a*b* £ E(a*), and aeb means that E(b*) < E{b *). Since 

a(b*b*) = ab* = bfb* = bb* fb* = bb* = b. 

We have bea, and hence e satisfies the symmetric relation. On the other hand, by the above 
proof, bea means that E(b *) < E(a*). Therefore, E(b*) = E(a*). 

Next, we show that e is transitive. We let a, 6, c £ S with aeb, bee. Then we have E(a *) = 
E(b *) = E(c *). By the definition of e, there exist e, / £ E(c *) such that a = be,b= cf. Thus, 
a = e/e. Notice that fe £ E(c *) ,we get aec. So e is indeed an equivalence relation on S. 

Following we show that e is both left and right compatible. Now let a,b,c £ S and aeb. 
Then there exists / £ E(b*) such that a — bf . Obviously , ca = cbf = cb(cb)*f. By Lemma2.5, 
E(ca *) < E((ca)*) and E((ca )*) < E(f) , and hence (ca)*b* £ E((ca )*) but a = bf, this 
implies that b = ab* . We have cb = cab * = ca(ca)*b* . Hence caecb. By lemma 2.4, we have 

ac = bfc = bb* fc = bb*cfc = bc(fc*) = bc(bc)* fc* . 

We can deduce that£ ; ((ac) # ) < E((bc )*) and E((ac )*) < E(fc *) by lemma 2.5. A similar 
argument for b = ab *, we can infer that E((bc )*) < E((ac )*). Hence E((ac )*) = E((bc )*). 
This means that (be)* fc* € E((bc )*). Therefore, acebc, and hence e is a congruence on S. 

Finally, we prove that e preserves C*- class. We need to prove that if a£*b then (ag)e = 
( ah)e implies (bg)e = ( bh)e , where g,h £ E(S 1 ) and ge,he £ (S/e) 1 . Since (ag)e(ah), by 
the definition of e, we have ah = agf for some / £ E((ag)*). Therefore, we obtain bh = bgf 
since aC*b. Since C* is a right congruence on S, we have agC*bg for g £ E(S 1 ) so that 
E((ag)*) = E((bg)*) and thereby f £ E((ag )*) = E((bg )*). Thus, by the definition of e, 
bh = bgf allows ( bg , bh) £ e, that is, ( bg)e = (bh)e. According to this result and its dual and 
the definition of C * , we conclude that ae£*( s / £ ^be. 

(2) Let (a, b) £ etlC*. Then a = bf for some / £ E(b *). Since aC*b , we get a*C*b*. So 
a = ab* = bfb* = bb* fb* = bb* = b. Hence £ n C* = i s . 

Lemma 3.2. E(S/e) is a left normal band. 

Proof. Since S is a Pi-semigroup, we easily check that S/e is a Pi-semigroup. Notice that 
ae £ E(S/e) implies a £ E(S) and £fl ( E(S ) x E(S)) = TZ. So E(S/e) = E/TZ. Thus E(S/e) 
is a left normal band. 

Lemma 3.3. If E(S) is a left normal band, then S satisfies the identity abc = aeb. 

Proof. Let i have the same neaning as that in the proof of lemma 2.4. For every a,b,c £ S , 
take Xi = b, x^u) = c and Xj = a* otherwise then a*(x 1 X 2 ■ ■ ■ x n )c * = a*ba* ca* c* ,a*bca*c* 
a*ba*c or a* be . By hypothesis and Lemma 2. 4, we have 



a*ba*ca*c * = a*ba*c = a*bb*a*c = a*bb*a*b*c = a*ba*b*c = a*bb*c = a*bcc * = a*bc. 
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Thus, we obtain that a#(x 1 X 2 ■ • ■ x n )c # = a#ca#ba#c&, aftcbaftft or aft cbft . In other word, 
we have 



cftcaftbcft = aft caftbaft ft = aft eft aftbaft ft = aftcft aftcbaftft 
= aft ft aftbaft ft = aft eft baft ft = aftebaftft 
= aft cbft = aft cftb{ft ft ft") = aftccftbftft" 

= aftcftbft = afteb. 

Hence aft{x a ^)x a ^) ' ' ' x a(n) = oft caft ,baft ft , aft ebaft ft or aft cbft. So we obtain aftbc = 
afteb , and hence we have abc = aaftbc = aaftcb = acb. 

Theorem 3.4. Let S' be a Smarandache #-rpp semigroup with set E(S) of idempotents. 
Denote by A a the inner left translation of determined by a £ S. Then the following statements 
are equivalent: 

(1) S satisfies permutation identities; 

(2) S satisfies the identity ; 

(3) For all e £ E(S),eSe is a commutative semigroup and A e is a homomorphism; 

(4) For all e £ E(S),eS satisfies the identity:afec = bac and A e is a homomorphism. 

Proof. (1) => (2). Let S be a Pl-Smarandache #-rpp semigroup. For every a, 6, c, d £ S, by 
Lemma 3. 1-3. 3, (adcd)e = ( acbd)e . Then for some / £ E((acbdft), abed = acbdf . Furthermore, 
we also have 



abed = abeddft acbdf dft = acbd(acbd) & fdft 
= acbd{acbdft f (acbdft dft 
= acbd(acbdftdft = aebd. 



by Lemma 2.3. 

(2) => (3). Assume that (2) holds. Let e £ E(S). Then for every a, b £ eSe. we have 
a = ea = ae and b = eb = be . Hence ab = eabe = ebae = eab. This means that eSe is a 
commutative semigroup. On the other hand, since A e (a)A e (b ) = eaeb = eeab = eab = A e (ab) is 
a homomorphism of into itself. Therefore (3) holds. 

(3) => (4). Suppose that (3) holds. It remains to prove the first part. For all a, b, c £ eS , 
we get a = ea, b = eb and c = ec. Since A e is a homomorphism, We have 

abc = eaebec = ( eae)(ebe)c = (ebe)(eae)(ebe)c = (eb)(ea)(ec) = bac. 

(4) => (2). Let a,b,c,d £ S. Then 

abed = a(aftbcd) = a(a#b)(a#c)(a#d) = a{aft d){aftb){aft d) = a{aftcbd) = aebd. 

(2) => (1). This part is trivial. 

Let S' be a Smarandache #-rpp semigroup whose idempotents form a subsemigroup E(S). 
Let Y be the structure semilattice of E(S) such that E(S) = Ua^yEa is structure decomposition 
of E(S). Now let B be a right normal band and B = U ae yB a is a semilattice composition 
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of the right zero band B a . For a £ S , if a# £ E a we denote a A = a. Take M = {(a, s) £ 
S x B\x £ B a a. Define a multiplication ”o ” on M as follows: 

(a,x) o ( b,y ) = (ab,yip b A t ( ab )*),i.e. = ( ab,zy ), 

when z £ B^ab) A . Notice that ab = abb#, we have (ab)# = ( ab)#b #. It follows that ( ab) A = 
( ab) A b A . This means that ( ab) A < b A (” A ” is the natural order). Accordingly, yip b &^ ab )t. £ 
B^ahjA. So M is well defined and with respect to ”o ”, M is closed. 

Lemma 3.5. M is a semigroup. 

Proof. Because with respect to ”o ”, M is closed. We only need to show that ”o ” satisfies 
the associative law. Let ( a,x ), ( b,y ), (c, z) £ M. Then by the above statement, we can show 
that ( abc) A < ( bc) A < c A . Thus 

((a,x) o ( b,y )) o ( c,z ) = (ab, yy b *,{ ab )A) o (c,z) = ( abc,z<p c A i(abc )A ) 

= (a, x) o (bc,zip c A t(bc) A) = (a, x) o ((b,y) o ( c,z )). 

So ” o” is associative. Hence M is indeed a semigroup. 

Definition 3.6. We call (M, o) above the weak-spined product of S and B , and denote 
it by WS(S,B). 

Lemma 3.7. If S satisfies the identity abc = acb, the WS(S,B ) satisfies the identity 
abed, = aebd. 

Proof. Let (■ a.i),(b,j),(c,k),(d,l ) £ WS(S,B). Then 
( a.i)o(b,j)o(c,k)o(d,l ) = (abcd,Up d A t(abcd) a) = (abcd,l(p d A^ acbd) A) = (a.i)o(c,k)o(b,j)o(d,l). 
Hence WS(S, B) satisfies the identity. 

Theorem 3.8. A Smarandache #-rpp semigroup is a Pl-Smarandache #-rpp semigroup 
if and only if it is isomorphic to the weak spined product of a Smarandache #-rpp semigroup 
satisfying the identity abc = acb and a right normal band. 

Proof. By Lemma 3.7, it suffices to prove the “only if ’’part. Suppose that S' is a PI- 
Smarandache #-rpp semigroup with normal band E(S). Then by Lemma 3.2 and Lemma 
3.3, S/e is a Smarandache #-rpp semigroup satisfying the identity abc = aeb. Let Y be the 
structure decomposition of E(S). By Lemma 2.2, we have E(S)/C = U a£ y £ a / C that is a right 
normal band. Notice that e is idempotent pure and e D ( E(S ) x E(S)) = 1Z, we can easily 
know that E(S/e) = E(S)/TZ = U a ^YE a /TZ. Thus we can consider the weak spined product 
WS(S/e,E(S)/C). 

Define 

0 : S-* WS(S/e,E(S)/C),a^ (ae,a#), 

where a# is the C - class of containing a# . In order to prove the theorem, we need only to show 
that 8 is an isomorphism. By Lemma 3.1, 9 is well defined and injective. Take any element 
(x,e) £ WS(S/e, E(S)/C)(e £ E(S)), since x £ S/e, there exists s £ S such that x = se. By 
the definition of W S(S/ e,E(S) / C), s#V E a. This means that 9 is onto. For all s,t £ S, since 
st = (st)t#, by the definition of C# , we have (sty# = (st)#t# . Furthermore, by Lemma 3.1, we 
can get (st)# £ B((st)e) A . Then 9(st) = ((st)e, (st)#) = ((st)e, (st)#t#) = (se, s#)(te, t#) = 
9(s)8(t). To sum up,0 is an isomorphism of S onto WS(S/e, E(S)/£). The proof is completed. 
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Abstract In this paper, Smarandache U-liberal semigroup structure is given. It is shown that 
a semigroup S is Smarandache U-liberal semigroup if and only if it is a strong sernilattice of 
some rectangular monoids. Consequently, some corresponding results on normal orthocryptou 
semigroups and normal orthocryptogroups are generalized and extended. 
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§1. Introduction and preliminaries 

In order to generalize regular semigroups, new Green’s relations, namely, the Green’s *- 
relations on a semigroup S have been introduced in [1] and [2] as follows: 

C* = {(a, b) £ S x S : (Vx, y £ S 1 )ax = ay <t=> bx = by}, 

1Z* = {(a, b) £ S x S : (Vx, y £ S 1 )xa = ya <t=> xb = yb}, 

H* = c*r\n*, v* = c*\jk*. 

In [3], Fountain investigated a class of semigroups called abundant semigroups in which each 
£* — class and each 7?.*— class of S contain at least an idempotent. Actually, the class of regular 
semigroups are properly contained in the class of abundant semigroups. 

In 1980, El-Qallali generalized the Green’s *- relations to the Green’s ~ —relations on a 
semigroup S in [4] as follows: 

C = {(a, b) e S x S : (Ve e E(S)) ae = a^be= b}, 

it = {(a, b) £ S x S : (Ve £ E(S)) ea = a <t=> eb = 5}, 

n = cmz, v = Lmti. 

In his thesis, El-Qallali obtained and studied a much bigger class of semigroups, called semi- 
abundant semigroup. 

After that, many authors study this class of semigroups, and obtain a lot of interesting 
conclusions and results (see [5], [6], [7] etc.). 
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In recent years, some scholars have observed that one can pay special attention to a subset 
U of E(S) instead of the whole set E(S) of a semiabundant semigroup S. In particular, Lawson 
in [8] noticed that if U is a subset of E(S) of a semiabundant semigroup S then U is perhaps 
good enough to provide sufficient information for the whole semigroup S. The semigroup S is 
usually denoted by S(U) and the equivalence relations on S(U) with respect to U C E(S) can 
be given by 

C u = {(a, b)eSxS\U r a =U£}, 

1Z u = {(a,b)^SxS\U l a = U l b }, 

n u = c u n n u , 

Q u = {(a, b) £ S x S\U a = U b }, 

where U l a = {u £ U\ua = a} , t/ a = {u £ U\au = a} and U a = U l a ft C/ a = {u £ XJ\ua = a — au} 
for any a £ S. 

A semigroup S(U) is said to be a U— semiabundant semigroup if every C u and every 7 Z u — 
class of S(U) contain at least one element of U respectively. A semigroup S(U) is said to be a 
U— semi-superabundant semigroup if every Ti u of S(U) contains at least one element of U. In 
this case, the unique element in D U is denoted by a u- On the other hand, a semigroup S(U) 
is called by He in [7] a U— liberal semigroup if every Q u — class of S contains an element of U. 
It is routine to check that a Q u — class contains at most one element of U. Denote the unique 
element in Q ^ (~| U, if it exists, by a ^ . The structure of Smarandache U— liberal semigroups 
has also been recently investigated by He in [7] . 

For a Smarandache U— liberal semigroup S(U), we call the following condition the Ehres- 
mann type condition, in brevity, the ET-condition: 

{Va,b£S){abf u V{U)a 0 u b 0 u , 

where 

V{U) = {(e,/) G U x U\{3g G U)eKg£f}. 

A Smarandache U— liberal semigroup S(U) is called an orthodox U— liberal semigroup if U is 
a subsemigroup of S(U) and the ET-condition holds on S(U). 

In general, unlike the usual Green’s relations on a semigroup S, C u is not necessarily a 
right congruence on S and 1Z U is not necessarily a left congruence on S (see [8]). 

We say that a semigroup S(U) satisfies the (CR) condition if C u is a right congruence on 
S and that S(U) satisfies the (CL) condition if 1Z U is a left congruence on S. If the semigroup 
S(U) satisfies both the (CR) and (CL) condition, then we say S(U) satisfies the (C) condition. 

The studies on the structures of semigroups play an important role in the research of 
the algebraic theories of semigroups. From [7], it is known that a U— semi-superabundant 
semigroup S(U) is an orthodox U— liberal semigroup for some U C E(S) if and only if it is a 
semilattice of some rectangular monoids, i.e., S = [V; S a (U a )], where S a {U a ) is a rectangular 
monoid for every a G Y and U = U ae yf/ a is a subsemigroup of S. Meanwhile, notice that a 
normal band is a strong semilattice of some rectangular bands. Naturally, we will quote such a 
question: whether will a normal orthodox U-liberal semigroup S(U) be a strong semilattice of 
some rectangular monoids? 
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In this paper, we will consider the question quoted above. Consequently, we show that a 
semigroup S(U) is a normal orthodox Smarandache U — liberal semigroup if and only if it is a 
strong semilattice of some rectangular monoids, i.e., S = [Y; S a (U a )\ where S a (U a ) is a 
rectangular monoid for every a £ Y and U = U a eyU a is a normal band of S(U). Consequently, 
some corresponding results on normal orthocryptou semigroups and normal orthocryptogroups 
are generalized and extended. 

For notations and terminologies not mentioned in this paper, the reader is referred to 
[7], [9], [10], 



§2. Normal Orthodox [/—liberal Semigroups 



In this section, we will give a construction of normal orthodox U— liberal semigroups. 
Firstly, we recall the following lemmas. 

Lemma 2.1. [7] Let T be one of Green’s relations C,1Z or H and T u the corresponding 
Green ~ — relations on the semigroup S. Then, for any a, b £ 5, we have 

(i) T C R u a,m\ for a, 6 G Regu(S ), a,b £ f u if and only if a,b £ T, where Regu(S) = 
{a £ S\(3e,f £ U)e£alZf}\ 

(ii) 7 i. u C Q u and contains at most one element in I/; 

(iii) If S(U) is a U— semi-superabundant semigroup, then S(U) is a Smarandache U — 
liberal semigroup with Q u = H u . 

Lemma 2.2. [7] The following statements are equivalent for a semigroup S : 

(i) S(U) is a Smarandache U— liberal semigroup for some U C E(S) and U itself is a 
rectangular band; 

(ii) S(U) is an orthodox U— liberal semigroup such that U is a rectangular band; 

(iii) S is isomorphic to a rectangular monoid. 

Lemma 2.3. [7] The following statements are equivalent for a semigroup S : 

(i) S(U) is an orthodox U-liberal semigroup for some U C E(S)\ 

(ii) S = [Y; Soi(U a )], where S a (U a ) is a rectangular monoid for every a £ Y and U = 
U a eYU a is a subsemigroup of S\ 

(iii) 5(17) is a U-semi-superabundant semigroup satisfying the (C) condition for some U C 
E(S) and U is a subsemigroup of 5. 

Now, we will give our main theorem. 

Theorem 2.4. The following statements are equivalent for a semigroup 5: 

(i) S(U) is a normal orthodox U-liberal semigroup for some normal band U C E(S ); 

(ii) S(U ) is a strong semilattice of some rectangular monoids, i.e., 5 = [U; S a (U a ); 
where S a (U a ) is a rectangular monoid for every a £ Y and U = U a£ y[/ a is a normal band of 

5; 

(iii) 5(C/) is a U-semi-superabundant semigroup satisfying the (C) condition for some U C 
E(S) and U is a normal band of 5. 

Proof. (i) => (ii) 
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Assume that S(U) is a normal orthodaox U— liberal semigroup for some normal band 
U C E(S). Note that U C E(S) is a normal band, we will have U = [Y; U a , f a ,p\ or U = 
[Y ; I a x where (■ i,j)f a> p = (i<p a ,p, jip a ,p)> (*, j) £ I a x A a . 

For any a £ Y, we form the set S a = {x £ S\xy £ U a }. Since S(U) satisfies the ET- 
condition, for all x £ S a , y £ Sp, we have (xy)i J T>(U)x'l l yij . This leads to xy £ S a p and hence 
S(U) = [Y-,S a (U a )]. 

Notice that every semigroup S a (U a ) is a Smarandache U a — liberal semigroup and U a 
is a rectangular band. By Lemma 2.2, S a (U a ) is isomorphic to a rectangular monoid. For 
convenience, we denote S a (U a ) = I a x Tjj a x A Q . 

Now, define a mapping, 

: S a (U a ) - Sp(Up), 

(f a ; TAq ; Aq) * (^ct,^a,/3 ; 1(7/3 } Aq'^q^) (Zq, , Wo, , Aq) — 1 Up^at ^a0pot,0^ot) • 

In the following, we will prove that S' is a strong semilattice of S a (U a ), i.e., S = [Y; S a (U a ); $a,p\- 

Firstly, <f>Q i( g is a homomorphism. 

For any x = (i a , u ai A a ), y = (j a ,v a ,n a ) £ S Q (Va > /?), 



(®2/)$q,/9 



[(i a , , A a ) (j q , Uq. , /r a )]$Q, 5 ^3 

(^ajon TAqUq, AaA^a)^a,/3 
(fo,, U a V a , ^a)^a,/3 

1 Up^a^on l^a ’0a,/3/^a) ; 



— (^a^Pa,0^a) It/^Tia, ^■ot^ct,0^a)(3a^Pa,0jori 1 Up^cn Palp a ,0 Pa') 

{j'a^P a,0^aj a^Pa,0j on ')-Up'^ , a\Up t ^ai ^a^Pa,0^apa^Pa,pPa) 

= (ia<Pa,pia,lupUaV ct ,lia'ipa,0li'a) ( since C/ Q is normal) . 

Thus, (xy)d> Q)/3 = a:$ Qi/ 3yd' aj/ 3. 

Secondly, < F ce Q , is an identity mapping. 

For any x — ('(q,7(q,Aq) £ Sq, x*Fq ; q — (ia^a^a^a^ l(/ a 7(Q, A a 'i/ j o, )Q A Q .) — (^a , , A Q ) — x. 

Hence, *Fq a is an identity mapping. 

Thirdly, notice that for any a; = (* a , ljj a , A Q ) £ E(S a ) = I a x 1[/ Q x A a , y = (ip, ljj g , A^) £ 
£(£/?) = Ip x lr7 i9 x A. g , xy £ E(S«^) = /^xl^ xA^, we can get = la a/J . Especially, 

when a > /3, we have l[/, t ley, = 1[/ q;3 = lj/^. Now, for any a,/3,7 £ Y(a > /3 > 7) and any 
x = (i a ,u a , A a ) £ S a (U a ), we will have 

(^*Fa:,/?)*I?/3,7 (fa, ^aj Aq)$q ,/3^/3,7 — (^a^Pa,P^a) IjJp'Uon ^a^Pa,0^a)^ 0,^ 

— (( 'i j a^Pa,0'ia) l -Pa,p (^a^Pa,/3^a) , 1(7 7 (1(7/3 TXq) , (^a1pa,0^a)'lp0,^(^a1pa 7 0 Aq,) ) 

( ((^a L Pa 7 p) (^aV^a,/3^a)) ^Pa 7 0 (Pa^Pafl^ a) , 1(7-, (f?7/5^a)5 (^a'lpa 7 0^a'*Pa 7 0^a')lp0 7 7(^a'lpa 7 0^a)') 

— (^ J ot ( Poc 7 0(PP 7 n l ('^a^Pa,P^a)^Pp,'y (^a^Pa 7 P^a ) , l(/ 7 (l(7/3^a), (^a'lpa 7 0^a'lpa 7 0^a')'lp0 7 ~f(^a'lpa 7 0^a')') 

(^a t pa 7 'y(^a^Pa 7 0')a) l p0 7 'y(')a l Pa 7 0')^a^ l(/ 7 (1(7/3 ^a), (^a'lpa 7 0^a1pa 7 0^a')lp0 7 ~f(^a'lpa 7 0^a)') 

= (iafa^i a, 1 ( 7 7 Uq, A q ^> Qj7 Aq,) (since / Q is a left zero band) 

= x<Fq 7 . 
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Finally, for any a, (3 £ Y, a a £ S a and bp £ Sp, since a a bp £ S a p = Sy, we have 

&abp (i’ai ^a-> X a ) (ip , Up : Xp) 

(i’aip : U a 'Up , X a Xp) 

(j J OL^Pa,'y'ia'i'p^Pp,'y'i'Pi 1 U-yUo/Xu^ILp , X a 1^ a ^X a Xp1pp^Xp) 

(ioXPctfyian l( 7 7 ^a? X a l/j a ^X a )(ipLpp^ip, lf/ 7 ^/ 3 i Xplftp^Xp) 

— (^ 0 ^ 0 , 7 ) ( ^/3 ^ /3 , 7 ) • 

Thus, summing up the above discussions, 5(17) is isomorphic to a strong semilattice of 
rectangular monoids S a (U a ), that is, S(U) = [F; S a (U a ); $ a ,p\- 

( ii ) =>■ (Hi) The proof is similar with the corresponding (ii) =>• (Hi) of Lemma 2.3. 

For any a £ Y, assume that S a (U a ) = I a x T Q x A Q . Then, it is not hard to see that for 
any (*, x, A) £ S a ,(j, y , p) £ Sp, (i, x, X)C U (j, y , /i) if and only if a = f3 and A = p £ Aq,. On the 
other hand, if (i, x, X)C u (j, y, X) for some A £ A a , then for all (k, z , v) £ S~,(v £ Y), we have 

(b 1 T a ,A)(fc,^,zy) = (fc',F, i/)(£ 5 Q7 ), 



(*, x i A)(fc 7 , 1t’ Q7 , i/ 7 ) = (i r , x',X'), 

(j,y^)(k',lT ai ,v') = (j',y', a"), 



Consequently, by using the above relations, we derive that 

(i,x,X)(k,z,v) = (i, x, X)(i, l Ta ,X)(k, z, v) = (i, x, X)(k', z', u') = (i, x, X)(k', 1 Tq7 , v')(k', z', v)' 
= (i',x',X')(k',z',v')= (i'.sV, A'); 

(j,y,^)(k,z,u) = (j,y,X)(i,l Ta ,X)(k,z,u) = (j,y,X)(k',z',v') = (j, y, X)(k', l Tet7 , v')(k', z', v)' 
= (j',y',X")(k',z'y)=(j', y 'z',v'). 

Thereby, we obtain that (i, x, X)(k, 2 , is)£ u (j, y, X)(k, z, v) so that C u is a right congruence on 

S. 



Similarly, we can show that (i, x, X)TZ U (j, y , A) if and only if i = j £ I a for some a £ F,and 
so TZ U is a left congruence on S. 

Hence, together with Lemma 2.3, S(U) is a U-semi-superabundant semigroup satisfying 
the (C) condition for some U C E(S). Note that U is a normal band of S, (Hi) holds. 

(Hi) => (i) The proof is similar with the corresponding (Hi) => (i) of Lemma 2.3. 

Assume that (m) holds. Then, by Lemma 2.1, S(U) is Smarandache U— liberal semigroup 
and for all a £ S(U), a c )j = a^. Since S(U) satisfies the (C) condition, we have, for all 
a,beS(U), 



This leads to (ab)^iZ u (ab^)^jC u a^by. By Lemma 2.1 (i), we will get (a6)^72.(a&£ r )y£a^&£ r . 
Consequently, (afc)y = (ab^Vafjbij = a^by holds. This shows that S(U) satisfies the ET- 
condition. Note that U is a normal band of S, (i) holds. 

Now, if we let U = E(S) in Theorem 2.4, then we immediately have the following corollary. 
Corollary 2.5. The following statements are equivalent for a semigroup S : 

(i) S(U) is a normal orthodox £J(S')-liberal semigroup; 
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(ii) S(U) is a strong semilattice of some rectangular monoids, i.e., S = [Y; S a (E(S a ))', 
where S a (E(S a )) is a rectangular monoid for every a £ Y and E(S) is a normal band 

of S. 

(iii) S'(t/) is a semi-superabundant semigroup satisfying the (C) condition, and E(S) is a 
normal band of S. 

In the above corollary, if we restrict the semigroup S to the abundant or regular semigroups, 
then it is not hard for us to get 

Corollary 2.6. The following statements are equivalent for a semigroup S : 

(i) S’ is a normal orthocrypto semigroup; 

(ii) S is a strong semilattice of rectangular cancellative monoids, i.e., S = [Y; S a ; 
where S a = I a x T a x A Q , and I a is a left zero band, A a is a right zero band, T a is a 
cancellative monoid for every a £ Y. 

Corollary 2.7. The following statements are equivalent for a semigroup S : 

(i) S’ is a normal orthocryptogroup; 

(ii) S is a strong semilattice of rectangular groups. 

Hence, our main result generalizes and extends some corresponding results on normal 
orthocryptou semigroups and normal orthocryptogroups. 
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Abstract In a traffic network with fixed demands, to obtain the system optimum flow 
pattern, the flow need to be regulated, but usually the regulation cost is expensive and it 
is difficult to implement an optimal assignment of routes. The efficient optimal regulation 
has to be connected with all characteristics of the studied networks, including the link 
latency functions and network configurations. For the simple traffic network with cut-edges, 
a strategy to sperate the traffic network for the fraction regulation is given, and the complex 
degree for the proposed strategy is also analyzed. For the simple traffic network with no 
cut-edge, the definition of the priority regulation coefficient is given, then based on this 
definition, a strategy to sperate the traffic network for the fraction regulation is given, 
finally, the regulation effectiveness ratio for the proposed strategy is analyzed. For the traffic 
network with loops and no cut-edge, based on the characters of link latency functions in the 
loops, a strategy to sperate the traffic network for the fraction regulation is given, and the 
regulation effectiveness ratio for the proposed strategy is also analyzed, we call this strategy 
Smarandache strategy. 

Keywords system optimum, optimal regulation, traffic network. 



§1. Introduction 

A fundamental problem arising in the management of large-scale traffic and communication 
networks is that of routing traffic to optimize network performance. One problem of this 
type is the following: given the rate of traffic between each pair of nodes in a network, find 
an assignment of traffic to paths so that the sum of all travel times (the total latency) is 
minimized(called as system optimum). However, in the absence of network regulation, uses act 
in a purely selfish manner. In this case, network uses are free to act according to their own 
interests, without regard to overall network performance, and the routes chosen by uses form a 
Nash equilibrium (called as user equilibrium). To discuss optimizing network performance, the 
two fundamental questions are deserved to be considered. The first question is how much does 

1 This work was supported by the National Science Fund for Distinguished Young Scholars of China (No. 
70525004), the National Natural Science Foundation of China (No. 60736027), and China Postdoctoral Science 
Foundation (No. 20090451377). 
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network performance suffer from this lack of regulation in the absence of network regulation? 
The second question is how to regulate the network flow to optimize network performance? 

For the first question, there have been many results in recent years (see for example [2]- [10]). 
For the second question, it is difficult to impose optimal or near-optimal routing strategies on 
the traffic in a network. The efficient optimal regulation has to be connected with all character- 
istics of the studied networks, including the link latency functions and network configurations. 
Roughgarden[l] shows that if a fraction of the network traffic is centrally controlled and is 
carefully routed by a network manager, then the corresponding induced equilibrium is less in- 
efficient then a flow at Nash equilibrium. However, only the restricted setting of networks of 
parallel links is considered in Roughgarden[l]. Recently, the feasibility and efficiency of fraction 
optimal regulation according to networks configuration are analyzed by Xu and Shi [7]. 

Motivated by the recent results in this field, in this paper, we discuss the stratedge to 
sperate traffic networks for the fraction regulation. For the simple traffic network with cut- 
edges, a strategy to sperate the traffic network for the fraction regulation is given, and the 
complex degree for the proposed strategy is also analyzed. For the simple traffic network with 
no cut-edge, the definition of the priority regulation coefficient is given, then based on this 
definition, a strategy to sperate the traffic network for the fraction regulation is given, finally, 
the regulation effectiveness ratio for the proposed strategy is analyzed. For the traffic network 
with loops and no cut-edge, based on the character of link latency functions in the loops, a 
strategy to sperate the traffic network for the fraction regulation is given, and the regulation 
effectiveness ratio for the proposed strategy is also analyzed, we call this strategy Smarandache 
strategy. 



§2. Preliminaries 

We consider a traffic network G — (N, A) with vertex set N, edge set A, and source- 
destination vertex pairs {r, s}. We denote the r — > s path by k, the demand amount from r 
to s by d rs , the flow amount in the edge a by y a , the travel time (or latency) in the edge a 
by Ta(r'a), the flow amount between (r, s) by /£ s . We denote the vector d = (..., d rs , ...) T , the 
vector v = (..., v a , ...) T . Let 5 r a s k = 1, if a in the path k between (r, s), otherwise, S r ak = 0. 

The system optimum feasible flow in a network is a special case of the following non-linear 
program (denoted by SO, see [10]) 

minC(jz) = V' y a ta{y a ) 

aeA 

E fk S = d rs (Vr, S) 

k 

f r k s > 0 (Vfc, r, s) 

^ = EEE/<™ ( v °) ( 21 ) 

r s k 

where fl is the feasible set. 

Based on the definition of cut-edge in graph theory (see [6]), we give the following defini- 



tion: 
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Definition 2.1. For a connected traffic network G = (N, A ), if the edge is deleted which 
leads the number of connection parts to increase, then we called this edge as a cut-edge. 



§3. The simple traffic network with cut-edges 

Lemma 3.1 [6]. In a simple network with no loop, a € A is a cut-edge if and only if a 
does’nt belong to any simple round path in the network. 

Strategy 3.1. 

Step 1 Set the adjacent matrix M for the traffic network G. Let j = 1, k = 1. 

Step 2 i=l. 

Step 3 If m(*, j) — 1, then m(*, j) = 0; m(j, i) = 0; r(k) = j\j = i; 

for m= 1,2, ••• , k— 1, if r(fc) = r(m) and m > 1, then Al(r(2), ?'(1)) = 1; M(r(l), r(2))) = 
1; • • • ; M(r(m),r(m — 1)) = 1; M(r(m — 1), r(m)) = 1; j = r(m); i = j + 1; k = 1; go 
to Step 3, otherwise, k = k + 1; go to Step 2. 

Step Alii < n, then i = i + 1; go to step 3, 

Otherwise, for i = 1, 2, • • • , m, if j = r(i) and i > 1, 
then i = j + 1; j = r{i — 1); k = 1; go to step 3, 
else j = j + 1; k= 1; go to Step 2. 

Step 5 If M = 0, then G is a simple traffic network with no cut-edge. Otherwise, any = 0 

means the edge from the vertex at to the vertex a,j is a cut-edge of G. 

Step 6 By the cut-edge set A = {ai, ci 2 , • • • , a m }, sperate the traffic network, i. e., 

G = Gi U ^2 U " ' U ^ m +i Ui a d Ui° 2 l U Ui am l’ 



where G; P| Gj = 0, i ^ j. 

Remark 3.1. Based on the results in Xu and Shi [7] , we can easily know the efficiency and 
feasibility of Strategy 3.1. 

Theorem 3.1. Given the traffic network G, the complex degree for the strategy 3.1 is at 
most 0(n 3 ), where n is the number of vertexes in N. 

Proof. From the strategy 3.1, we know the following three points. 

1. Search a possible round path for any vertex x — > x, this procedure at most repeat n times; 

2. At most search n vertexes to look for any round path; 

3. At most search n vertexes to look for the next vertex in the round path. 

From the above-mentioned three points, we can conclude that the complex degree for the strat- 

egy 3.1 is 0(n 3 ). 

Example 3.1. In the traffic network (see fig. 3.1), how to sperate it for the fraction 
regulation? 
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0 110 0 0 
10 10 0 0 
110 10 0 
0 0 10 11 
0 0 0 1 0 1 
0 0 0 1 1 0 

0 0 1 0 0 0 
0 0 1 0 0 0 
110 10 0 
0 0 10 11 
0 0 0 1 0 1 
0 0 0 1 1 0 

0 0 1 0 0 0 
0 0 0 0 0 0 
10 0 10 0 
0 0 10 11 
0 0 0 1 0 1 
0 0 0 1 1 0 

0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 1 0 0 
0 0 10 11 
0 0 0 1 0 1 
0 0 0 1 1 0 
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0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 1 

0 0 0 0 0 1 

0 0 0 1 1 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 1 

0 0 0 0 0 0 

0 0 0 1 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 1 0 0 

0 0 1 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

From the last adjacent matrix , we know the cut-edge set is {cd}. Finally, according the step 
5 in strategy 3.1, by cd, we can sperate the traffic network(see fig 4.1) to two parts for the 
fraction regulation. 

Strategy 3.2. 

(1) For any vertex x in the network G, set d(x) = 0, Q = 0,T = 0, G = 0. 

(2) Choose any vertex v, add v to the rear of Q. 

(3) If Q = 0,then quit. 

(4) Take the front vertex x in Q, Q = Q — x. 

(5) If L(x) = 0, then go to (3). 

(6) Take the vertex y in L(x), L( x) = L(x) — y. 

(7) If d(y) = 0, then begin 

add ( x,y ) to T\f{y) = x;d(y) = d(x) + 1; add y to the rear of Q; go to (5); 
end 

(8) If d{x) < d(y), then 
begin 

add ( x,y ) to f; f(y) = x\ go to (5); 
end 

(9) Add (x, y) to G, go to (5). 

(10) Set i = 0. 
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(11) Set TN[i] = 0 , CV = 0. 

(12) For fc = 1,2,--- , m, if d(v/c) = i, then TN[i] = TN[i\ + Vk ■ If i < n, then i = * + 1, go to 
(11). 

(13) For k = 1, 2, • • • , n, if TN[k] has only a vertex x and there exists a unique vertex y, such 
that f(y) = x, then (x, y) is a cut-edge, and CV = CV +x, else if TN[k] have more than a vertex 
and for any two adjacent vertexes x,y £ TN[k ], there exists a unique edge (x,y) £ T, then for 
x £ TN[k], if there exists a vertex y £ TN[k + 1], such that ( x , y) £ T, then CV = CV + x, 
else if for x £ TN[k\,y £ TN[k + 1], there exists a path which is connected by the edges in C 
and T, then for any x £ TN[k\, if there exists a vertex y £ TN[k + 1], such that (x,y) £ T, 
then CV = CV + x. 

(14) For any x,y £ CV, if there exists a unique edge ( x , y), which connects the vertexes x and 
y , then (x,y) is a cut-edge. 

(15) By the cut-edge set A = {< 21 , 02 , • • • ,a m }, sperate the traffic network, i. e., 

G = G 1 U^U-U Gm+l UmUmU -Uw> 
where G; P| Gj = 0, i ^ j. 

Lemma 3.1. [8] In a simple network with no loop, if TN[i\ = {r>}, then the vertex v is 

a cut- vertex in the network. 

Remark 3.2. From the Lemma 3.1, we can easily know the efficiency and feasibility of 
Strategy 3.2. 



§4. The simple traffic network with no cut-edge 

Definition 4.1. s a = Ta ( v s)yi is called as the priority regulation coefficient, where 
V = {"Cal a £ A} is the system optimal flow distribution. 

Obviously, if the priority regulation coefficient of a is larger than other edges, then the 
regulation on a should be done first. Let c* be the admissible total regulation cost, c(asj) be the 
regulation cost for the edge a*, RA be the regulated edge set. 

Strategy 4.1. 

Step 1 Set A = { 01 , 02 ,- •• ,o„}. Compute the system optimum flow distribution V, and 
the the priority regulation coefficients for all edges. Rearrange the elements in A such that 

&a 1 $0.2 — Sa n ■ 

Step 2 Set * = 1, c = 0, RA = 0. 

Step 3 Set c = c + c(aj). If c < c t , then take corresponding measures to regulate edge Oj, and 

RA = RA + {a,}- 

Step 4 If c < Ct and i < n, then i = * + 1, go to step 3. Otherwise, output RA. 
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Theorem 4.1. Supposed that all the link latency functions are linear, for the strategy 



4.1, the regulation effectiveness ratio 



k < 



4 — (si + s 2 + ■ ■ • + s m ) 



(4.1) 



where m is the number of regulated edges. 

Proof. m ~ __ 

Ei=l T a-i ( Vai)v ai + X)aeA-{a i,a 2l — ,a m } T a( v a)i 



k = 



T,aeA T a(Va)v a 



’Yhi—\ T a i {Va i )Va i + X)aG A-{ai ,a 2 ,••• ,a m } T a ( v a)Va 
^2i=l' r ai(l’a i )Va i + SaG A-{ai ,a 2 ,■■■ ,a m } T “ (' v a) v a 

where V, V is the flow distribution of user equilibrium and system optimum, respectively. 
From Theorem 4.5 in Roughgarden [1], we have 



(4.2) 



T a (v a )v a < - 



T a (v a )l 



a£A— {a\ ,a m } a£A— {a\ ,a m } 

From (4.2) and (4.3), we have 

EZi T ai (v ai )v ai + |Eog A - {ai , a2 ,-,a m } T a (^)i 



k ^ 



2i=l T ai{v ai )v ai + X)aGA-{oi,a 2 ,"- ,Q m } T a{ V a) v a 

From the definition 3.1, we have 



(4.3) 



(4.4) 



= (Si + S 2 4 1 - Sm)(^Tai(v ai )v ai + ^ T a {v a )v a ) (4.5) 

i=l 2=1 a(E A— {a± ,<12 ,••• ,a m } 



From (4.5), we have 



y~V 0< {v ai )va, = 



(si + s 2 + • ■ ■ + Sm) EaeA-{a 1|02 ,- ,a m } T °KK 
1 — (si + S 2 + • • • + Sm) 



(4.6) 



From (4.4) and (4.6), we have 

, ^ 4 — (si + s 2 + ■ ■ • + s m ) 

~ 3 ■ 

The proof is completed. 

If some link latency functions are nonlinear, then Theorem 4.1 can not be used, we can use 
the following theorem. 



Theorem 4.2. Supposed the constant a > 1 satisfy 

XT a (x) < a T a (t)dt 

Jo 

for all edges a and all positive real number x. Then for the strategy 4.1, the regulation effec- 
tiveness ratio 



k < ol + (1 — a)(si + s 2 + • • • + s m ) 



(4.7) 
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where m is the number of regulated edges. 

Proof. From Corollary 2.7 in the Roughgarden [1], we have 

y T a (v a )v a < a ^2 T a (Va)v a (4.8) 

aG-A— {ai ,a2,--- ,a m } aG-A— {ai ,a2,--- ,a m } 

From (4.2) and (4.8), we have 

k < +aEq e A-{ ni , a2 ,.,» m } T °W i? <» ^ g * 

Ei=l T ai{Va i )Va i + Eae A-{a 1 ,a 2 ,a m } T a{Va)V a 

From (4.6) and (4.9), we have 



k < a + (1 — o)(si + S 2 + • • • + s m ). 

The proof is completed. 

Example 4.1. In the traffic network(see fig. 4.1), supposed r a b(v) = v, T ac (v) = 

a 




fig 4.1 



2v, T bc (v) = 4v, d ac = 7, Vac = 4 and c t = 18. 

From Lemma 2.4 in Roughgarden [1], we know the system optimum flow distribution V satisfy 



{ Vab + 4v bc = 2v ac 
V ab = Vbc 
Vab + V ac = l 



Thus, we obtain 



Vab — 2, v ac — 5, v bc — 2. 



Then, 



Sab = 2/35, Sac = 5/7, s bc = 8/35. 



Since 50 — 32 = 18, only the edge ac should be regulated. 
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§5. The traffic network with loops and no cut-edge 

Let L = {Li, L 2 , • • • , L m } be the loop sets. In this section, we assume 
, . I ^ a 4“ d £ ^ 4 i.L\ L 2 U ‘ ‘ ‘ U ^m)? 

Ad^a) = < 

[ T a , a€ LlU^U'-'U^m- 

Obviously, for small and middle-scale cities, loop roads satisfy this assumption. 

Lemma 5.1. If V is the system optimal flow, then for any i £ {1, 2, • • • , m}, any r,s £ Li, 
and any path k from vertex s to vertex t, we have 

'^{Ta{v a )Va)' = T rs . (5.1) 

a£k 

where T rs is the total latency from r to s in loop Li. 

Proof. From Lemma 2.4 in Roughgarden[l], we have 

'Y^{Ta($a)v a )' = 'Yh{T a {Va)Va)' , (5.2) 

where k' is a path in the Li from r to s. 

Considering the links latency functions in loops are all constant numbers, which is only related 
to the length of the edge, we have 

E ( T a {v a )v a y = T rs . (5.3) 

a£k' 

From (5.2) and (5.3), we have 

^2(T a {v a )v a y = T rs - 
a£k 

The proof is completed. 

Strategy 5.1. 

Step 1. Solve the linear equation system 

B t Bv = B T b, (5.4) 



where 



b = [• • • ,T rs - y^n a , • 






B = 



2 m a 



V = • • • ,V a 



Step 2. According to the solution of (5.4), regulate the flow of the edge in the region 
between two adjacent loops. 
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Remark 5.1. Since T a (v a ) = n a +m a v a , thus {v a T a (v a ))' = T a (v a )+v a T' a (v a ) = n a +2m a v a - 
From Lemma 5.1, we know that in order to obtain the system optimal flow, it is necessary to 
solve the linear equation system Bv = b. However, it is difficult to know whether B is singular 
or not. But B T B is obviously singular, so there exists a solution V* for the linear equation 
system B T Bv = B T b , which is called the linear least square solution for the Bv = b. 

Theorem 5.1. For the Strategy 4.1, the regulation effectiveness ratio 
, _ SaeA-(L! U L 2 (J--- u £ m ) V a T a( V a) + Z)i=l SaeL; TaVa 

- W) 

where V is the system optimum flow, v a is the flow amount in edge a of loop Li. 

Proof. From the strategy 5.1 and the link latency functions character in the loops, we can 
prove this theorem immediately. 



§6. Conclusion 

In this paper, some strategy to sperate the traffic network for fraction regulation to obtain 
the network system optimum are discussed, which can be used to do the fraction optimal 
regulation of traffic networks. Furthermore, the effectiveness of the proposed strategies are also 
analyzed for the linear latency functions. However, for more complicated latency functions, the 
effectiveness of the proposed strategies and some new strategies are to be further studied. 
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The generalized reflexive solutions of matrix 

equation AXB + CYD = F and its 
approximation problem 1 

Lifang Dai and Maolin Liang 

School of Mathematics and Statistics, Tianshui Normal University, 

Tianshui, Gansu, 741001, P.R. China 
E-mail: liangml2005@163.com 

Abstract Given generalized reflection matrices R,S, i.e., R* = R, R 2 = I, S* = S', S 2 = I, 
a complex matrix A is said to be generalized reflexive (or anti-reflexive), if RAS = A (or 
RAS = — A ). In this paper, Smarandache iterative algorithm is proposed to solve matrix 
equation AXB + CYD = F with generalized reflexive matrix dual (X .Y). For any initial 
iterative matrix pair (Xi, Vj ), we show that a solution of this equation can be obtained within 
finite iteration steps in the absence of roundoff errors. Some numerical examples illustrate the 
feasibility and efficiency of this algorithm. 

Keywords Matrix equation, generalized reflexive matrices, Smarandache iterative algorith- 
m, least-norm solution, optimal approximation. 



§1. Introduction 

Let C™ xn be the set of all in x n complex matrices with rank k, and UC nxn the set of 
all unitary matrices in C nxn . A *, 3$ (A) and tr(A) denote the conjugate transpose, column 
space and trace of A, respectively. For matrices A = (ai, < 22 , . . . , a n ), where a* £ C m , and 
B £ (j mxn , let vec(A) = (a*, a^, . . . , a* )*, and A (g) B be the Kronecker product of A and B. 
Moreover, define (A, B) = tr(B*A) as the inner product of matrices A and B , which generates 
the Frobenius norm, i.e., ||A|| = y/< A, A > = ,/tr(A*A). 

Definition 1.1. Let R £ g ^ C" x " be generalized reflection matrices, i.e., 

R* = R,R 2 = /, S* = S,S 2 = /, then a matrix A £ C mxn is said to be generalized re- 
flexive (or anti-reflexive) matrix, if RAS = A (or RAS = — A). 

The set of all mxn generalized reflexive (or anti-reflexive ) matrices with respect to matrix 
dual (R,S) is denoted by GRC mxn ( GARC mxn ). 

Remark 1.1. (a) In this paper, let R , S be generalized reflection matrices as in Definition 

1 Supported by the Science Foundation Project of Education Department of Gansu Province (No. 0808-04), 

and the Science Foundation Project of Tianshui Normal University (No.TSB0819) 
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1.1. (b) For E £ GRC mxn , F £ GARC mxn , then tr(F*E ) = 0, we say matrices E and F are 
orthogonal each other. 



The following lemma derived from [1] (also [2]), indicates the special structure properties 
of generalized reflection matrices. 

Lemma 1.1. For given generalized reflection matrices R, S, if 

T _i_ TD T I C 

i n - it /-ymxrri i~rO s~inxn 

i •— — 2 — 6 » V 1 •— — 2 — 6 ° s ’ 

then there exist unitary matrices U £ UC mxrn , V £ UC nxn such that 



R = U 



I r 0 

b Im—r 



u*, s = v 



Is 0 
0 -Ins 



v* 



Based on the characteristics of generalized reflection matrices, we have 
Lemma 1.2. Assume matrices R, S as in (1), then A £ GRC nxn if and only if 

A-[ 0 



A= U 



0 A 2 



V*, VAi £ C rxs , A 2 £ c^-Ax^-s). 



Proof. Partition U*AV relative to (1) as U*AV = 
follows from Definition 1.1 that 



An A12 

A 2 i A 2 2 



(1) 



(2) 



, where A n £ C rxs . It 



I r 0 

0 In— r 



An A12 

A 2 i A 22 



Is 0 
0 -Ins 



= ± 



An A12 

A 2 i A 22 



Comparing the two sides with blocks, we get (2) holds. 

From Lemma 1.2, we can easily get a generalized reflexive matrix by choosing different A, 
(i = 1,2) for given R and S. 

In this paper, we consider the following two problems: 

Problem I. Given generalized reflection matrices R £ C mxm , S £ C' raxn , and A, C £ 
C' pxm , B, D £ C nxq , F £ C pxq , find X, Y £ GRG mxn , such that 

AXB + CYD = F. (3) 



Denote S E = {(V, Y)\AXB + CYD = F, X, Y £ GRC mxn }. 

Problem II. Assume S E is nonempty. For given matrices A 0 , Yq £ C mxn , find (X . Y) £ 
S E such that 

II* - X 0 f + \\Y - Foil 2 = min {\\X - A' 0 || 2 + \\Y - F 0 || 2 }. 

(.x,y) es E 

The matrix equation (3) is the generalized Sylvester equation, which has been widely 
investigated. Such as, the special form of that AX — YB = C , has been studied in [3, 4], and 
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the necessary and sufficient conditions for its consistency and general solution, were given by 
^-inverse. For the matrix equation (3), the solvability conditions and general solution have been 
derived in [5-9] by applying singular value decomposition (SVD), generalized SVD (GSVD) or 
canonical correlation decomposition (CCD), respectively. Especially, the symmetric solution 
of matrix equation AXA T + BYB T = C has been represented in [10] by GSVD. In addition, 
motivated by the Classical Conjugate Gradient, Peng [11] has established an iterative algorithm 
(similar algorithms see [12-17]). Comparing with the matrix equation decomposition methods, 
the iterative algorithm is more convenient in practical applications. 

However, for matrix equation (3) with generalized reflexive X, V, it is very difficult to meet. 
Therefore, motivated by the iterative method mentioned in [11], in this paper, we try to find 
the generalized reflexive solution of this matrix equation by constructing iterative algorithm. 

Problem II is the optimal approximation problem, which occurs frequently in experimental 
design! 18 !. Here, the given matrices A'o, lo may be obtained from experiments, but they are not 
necessary to be needed forms, and may not satisfy minimum residual requirements. But the 
nearness matrices X, V satisfy the needed forms and the minimum residual restrictions (see, 
e.g, [8-17]). 

This paper is organized as follows: In section 2, an algorithm will be constructed for solving 
Problem I, we call it Smarandache iterative algorithm, and the feasibility of this algorithm will 
be proved. In section 3, we will show that the solution of Problem II can be obtained by 
the least-norm solution of matrix equation AXB + CYD = F. In section 4, some numerical 
examples will be given to illustrate our results. 

§2. The iterative method for Problem I 

In this section, we will first introduce the iterative method of Problem I, after that give 
the analysis of the feasibility about this method in the form of lemmas. 

The iterative algorithm of Problem I can be expressed as follows: 

Algorithm 2.1. 

Step 1: Input matrices R £ C ,mxm , S £ C nxn , and A, C £ C pxm , B, D £ C nxq F £ C pxq . 
Choosing arbitrary Xi, Y\ £ GRC mxn . 

Step 2: Compute 

R\ = F — AX\B - CY, D, 

Pi = A*R 1 B*, Q 1 = 1(P, + PPiS), 

Ji = C*R X D*, Li = |(Ji + RRS), 
k:= 1. 

Step 3: Compute 

Xk+l = Xfc + ||Qj|2 + || Lfc ||2<2fc, 

llflfell 2 r 
\\Q k \\ 2 +\\L k V^ k - 



Yk+i — Vfe + 
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Step 4: Compute 

Rk + i = F — AX k+ iB — CY k+1 D 

= Rk — ||Q fc ||2+JJ ifc ||2 ( AQ k B + CL k D ), 

P fc+ i = A*R k+1 B*, J k+1 = C*R k+l D\ 

zv 1/p . op Cl tr{P k+1 Q k )+tr{J k+1 L k ) ^ 

Vfc + 1 - 2^+1 + B^k+lb) ||Q fc ||2 + || ifc ||2 Qk, 

r 1/7 , tdt Q\ tr(PZ +1 Q k )+tr(j£ +1 L k ) 

L'k+l — 2'. Jfc + 1 + B,Jk+lo) ||Qfc|t 2 +||ifc|| 2 

Step 5: If -R/c = 0, stop; otherwise go to step 3. 

From Algorithm 2.1, we can see that Yi, Qi, Li £ GRC mxn (i = 1, 2, ■ ■ ■ ). 

Lemma 2.1. For R/, P*, Q./, J/, L, (i = 1,2,... ), generated by Algorithm 2.1, we have 

ll^ll 2 



tr(R* i+1 Ri) = tr(R*Ri) - 
when j > 1, 

tr(R* +1 Rj) = tr(R*Rj) 



' ll-C'ill 2 

ll^|| 2 



[fr(Q*Pi) + fr(L*Ji)], 



( 4 ) 



IIQdl 2 + M 



ll^ll 5 



2^ r ( ( 3i ( 3i)+ tr ( L i L i)] 



tr(P-Qj-i) + tr(J* Lj_i) 



\\Qi\\ 2 + ll-MI 2 HQy-rll 2 + H^-rll 2 

Proof. From Algorithm 2.1, noting that RQiS = Qi, RLiS = Li, we obtain 

\m 2 



tr(R* +1 Rj) = tr(R*Rj) - 



= tr(R*Rj) - 



J ' ||Q,:|| 2 +II^H 2 
\\Ri\\ 2 



= tr(R*Rj) - 



WQW + WLiW 2 

m \ 2 

L3> \m 2 + \\ur 

Letting j = 1 in (6) implies that (4) holds. 
Furthermore, when j > 1, 

tr{Q*Pj + L* Jj ) = tr (Q:^'p S ) + tr (q* 



tr[(AQiB + CLiD)*Rj)] 
tr{Q*A* RjB* + L*C*RjD *) 
tr(Q*Pj + L*Jj). 



( 6 ) 



Pi - RPjS\ 



, J i + RJ 1 S\ 
+ tr [ L* — — - — — ) 



. t *J 1 -RJ,S\ 
+ tr [ L* — — - — — 



tr(P*Qn- 1) + tr(J* Li_A 

= MWi) + J , 2 , „r „2 HQiQi-i) 



+ M-Tq-kj) + 



IIQj— i II 2 + ll-kj-ill 2 

tr{P*Qj- 1 ) + tr(Jj Lj_i) 



||Q J -_ 1 ||2 + ||L J -_ 1 | 






= tr(Q*Qj) + tr(L*Lj) 
tr(PjQj-i) + tr(J*Lj_i) 
IIQi-i || 2 + HLj-ill 2 



[M<3*Q?-i) + *r(L* Lj_r)]. 



( 7 ) 
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Submitting (7) into (6), which deduce (5). The proof is completed. 

Lemma 2.2. The sequences {!?,}, {Qi}, {Li} in Algorithm 2.1, satisfy that 

tr(R*Rj)= 0, tr(Q*Qj) + tr(L}Lj) = 0, i,j = l,2,---,k(k>2),i^j. (8) 

Proof. We prove the conclusions by induction when i > j, the others are analogous. 

When k = 2, from Lemma 2.1 and the proof of equality (7), we have 



tr{R 2 Ri) = tr(R}Ri) — 
= tr{R\R\) — 

= Pi|| 2 - 



ll^ill 2 



Pill 2 + Pill 2 



Pill 2 



Pill 2 + Pill 2 
Pill 2 



MQlP^ + triLU i)] 



[tr{Q\Q i) + tr(L^Li)] 



Pill 2 + Pill 2 



(Pill 2 + Pill 2 ) 



= 0, 



and 



tr(Q*M + tr{L* 2 LJ= l -tr[{P 2 + RP,S )* Qr] - HQlQi) 

, P.UT i r> t o\* r i tr(P 2 *Qi)+ir(J 2 Ti) W7Tn 
+ g tr [( J 2 + RJ 2 S) Li] ||Qi||2 + || Ll ||2 tr ( J i J 0 



= tr(P 2 Qi) + tr{J 2 Li) - 



= 0. 



tr(P 2 *Qr)+tr(J 2 *Li) (p i||2 + p i||2 ) 



Pill 2 + Pill 2 



(9) 



Assume (8) holds for k = t, that is, tr(RlRj) = 0, tr{Q}Qj ) + tr{L}Lj) = 0, j = 
1,2, ••• . t — 1. Similar to the proof of (9), we get by Lemma 2.1 that tr{R} +l R t ) = 0, 
PQt+Pt ) + tr(L* t+l L t ) = 0. 

Next, we prove that tr(R* +1 Rj) — 0, tr(Q} +1 Qj) + tr(L} +1 Lj) = 0 hold. In fact, when 
j = 1, noting that (4) and the proof of (7), then 



fr(P* +1 Pi) = tr{R* t Ri) - 

Ptll^ 



Ptll 5 



Ptll 2 + Pt[| : 



^(QtPi) +tr(L*Ji)] 



Pt || 2 + Pt|| : 



;[tr{Q* t Q 1 ) + tr(L* t L 1 )} 



= 0. 

Connecting with (9) and the assumptions, yields to 
tr(Qt +1 Qi) + tr(L* +1 Li)= tr{P?Q{) + tr(J?Li) 

PP-t-pt) + tr{J t+1 L t ) 



Ptll 2 + Ptll 2 

= tr{P;Q 1 ) + tr{j;L l ) 

= tr{R*AChB) + tr(R^CLiD) 

Pill 2 + Pill 2 



[tr(Q?Qi)+ir(Lpi)] 



IPill 5 



-tr[RKRi-R 2 )} 
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= 0. (10) 

Moreover, when 2 < j < t — 1, Lemma 2.1 and the assumptions imply that tr(R^ +1 Rj ) = 0. 
Similar to the proof of (10), we get tr{Ql +l Qj) + tr{L^ +1 Lj) = 0. Hence, we complete the 
proof. 

Remark 2.1. From Lemma 2.2, we know that, R t ( i = 1,2, ••• ,pq) can be regarded 
as an orthogonal basis of matrix space R pxq for their orthogonality each other. If Ri Y 0, 
(i = 1,2, ••• ,pq), we can compute R pq + 1 , then there must be tr(R pq+1 Ri ) = 0, that is, 
(X pq+ i, Y pq+ 1 ) consists of a solution pair of Problem I, Hence, if matrix equation (3) is con- 
sistent, then any solution of which can be obtained by Algorithm 2.1 at most pq + 1 iteration 
steps. 

Lemma 2.3. Suppose that ( X , Y) is an arbitrary solution pair of matrix equation (3), 
then R k , X k , Y k , Q k , Lk generated by the iterative algorithm satisfy that 

tr[{X - X k YQ k ] + tr[(Y - Y k )*L k ] = ||f? fc || 2 , k = 1, 2, • • • . (11) 

Proof. We prove it by induction. If k = 1, from Algorithm 2.1 and Lemma 2.2, noting 
that R(X — Xi)S = X — Xi, we get 

tr[(X - X^Qi] + tr[(Y - Ytfh] 

= l -{tr[{X - X 1 )*(P 1 + RPiS)} + tr[(Y - Y 1 )*(J 1 + R^S)}} 

= tr[(X - X.yPi] + tr[(Y - Y^Ji] 

= tr[(X - X 1 )*A*R 1 B*} + tr[(Y - Yi)*C*RiD*] 

= tr[(A(X - XYBYRi) + tr[(C(Y - Yi)D)*i?i] 

= tr[(F - AXiB - CYiD)* Ri] 

= \\Ri\\ 2 - ( 12 ) 

Assume (11) holds for k = t, then 

tr[(X - X t+1 )*Q t ] + tr[(Y - Y t+1 )*L t ] 

= M(v-x,)-q,]- ||g , || f;" | | L ,p MQ:o,) 

+H<r-r,ru]- iq.1 1 ,*'^,. ^) 

= \\Rt \\ 2 - ||Q Jffip^ ||2 MQ* t Qt)+tr(L* t L t )] 

= 0, 

which deduces that 

t r [(X — X t+1 )*Q t+1 ] + tr[(Y — Yj+i)* L t+ i] 

= \ {t r [(X — Xj + i)*(P t _|_i + RP t+ iS )] + tr[(Y — P*+i)* (Jt+i + RJt+iS )] } 
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= tr[(X - X t+1 )*A*R t+1 B*} + tr[(Y - Y t+1 )*C T R t+1 D*] 




That is, the equality (11) holds for any positive integers. 

Remark 2.2. Lemma 2.3 reveals that the matrix equation (3) is consistent, i ,e.,Ri = 0, 
if and only if Qi = 0 , Li = 0. In other words, if there exist a positive number t such that 
Rt ^ 0 but Q t = 0, L t = 0, then matrix equation (3) is inconsistent. Therefore, the solvability 
of Problem I can be determined automatically by Algorithm 2.1. 

Based on the previous analysis, we have the following conclusion, whose proof is omitted. 

Theorem 2.1. Suppose that Problem I is consistent, for any initial matrices Xi, Y\ £ 
GRC mxn , the solution of equation (3) can be obtained within finite iteration steps in the ab- 
sence of roundoff errors. 

The following lemma recited from [11] is essential for gaining the least-norm solution of 
Problem I. 

Lemma 2.4. If the consistent linear equations My = b has a solution y £ R(M*), then y 
is the unique least-norm solution. 

Theorem 2.2. Suppose that Problem I is consistent. If choose initial iterative matrices 
X\ = A* HB* + RA*HB*S, and Yi = C* HD* + RC*HD*S, where arbitrary H £ C pXq , or 
especially, Xi, Y\ = 0, then the solution generated by Algorithm 2.1 is the unique least-norm 
solution of Problem I. 



Proof. Algorithm 2.1 and Theorem 2.1 imply that, if let Xi = A*HB* + RA* H B* S , 
Y) = C*HD* + RC* H D* S , where arbitrary H £ C pxq , we can obtain a solution pair ( X , Y) 
of Problem I, which have the forms of X* = A*GB* + RA*GB*S , Y* = C*GD* + RC*GD*S. 



So it is enough to show that (A', Y) is the least-norm solution pair of matrix equation (3). 



Considering the following matrix equations 



AXB + CYD = F, 
ARXSB + CRYSD = F. 



(13) 



It is clear that the solvability of (13) is equivalent to that of matrix equation (3). What’s more, 
the two equations have same solutions in GRC mxn . 



Denote vec(X) = x, vec(Y ) = y, vec(X) = x, vec(Y) = y , vec(F) = /, vec(G) = g , then 
the matrix equations (13) can be changed equivalently into 



B* <g) A D*®C 

( B*S ) ® (AR) ( D*S ) 0 (CR) 




(14) 



In addition, the iterative solution pair (A, Y) can be rewritten as 
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B®A* ( SB)®(RA *) 

D®C* ( SD)®(RC *) 

B* 0 A D* 0 C 

( B*S ) ® (AR) ( D*S ) ® (Cl?) 




It follows from Lemma 2.4 that 



is the least-norm solution of the linear systems (14). 



Making use of the property of vec operator, (X, V) is the least-norm solution pair of matrix 
equations (13), which means that it is also the least-norm solution of Problem I. 



§3. The solution of Problem II 

When matrix equation (3) is consistent, i.e., its solution set Se is nonempty. It is easy to 
verify that Se is a closed convex set in matrix inner product space GRC mxn , resorting to the 
optimal approximation theorem, we know that the optimal approximation solution of Problem 
II is unique. 

Without loss of generality, we can assume the given matrices Xo, Yq £ GRC mxn , in 
Problem II, because of the orthogonality between generalized reflexive matrices and generalized 
anti-reflexive matrices. In fact, for X. Y £ GRC mxn , we have 

||X-X 0 || 2 + ||F-y 0 || 2 = ||X- - Yo +f YoS - Xo—rxqS || 2 _|_ ||y~ _ Xo+RYoS _ y 0 -ry 0 s || 2 

_ || v - Xq+rxqS m 2 | || Xq-rxqS II 2 | || Y _ y 0 +flyoS || 2 , || y„-ry„s \\ 2 

~ || -^ 2 || ' || 2 J|. ' || 1 2 || ' || 2 II' 

Writing X = X — Xo, Y = Y — Yq, F = F — AXqB — CYqD , then Problem II is equivalent 
to find the least-norm solution (X 7 , Y') £ Se of the following matrix equation 

AXB + CYD = F. (15) 

Theorem 2.2 implies that, if let initial iteration matrices Xi = A* HB* + RA* H B* S , Y = 
C*HD* + RC* H D* S , where arbitrary H £ C pxq , or especially, let X 1; Y = 0, we can obtain 
the unique least-norm solution (X 7 , Y') of matrix equation (15) by Algorithm 2.1. Furthermore, 
the optimal approximation solution pair (X, Y) can be obtained by (X, Y) = (X'+Xq, Y'+Yq). 



§4. Numerical examples 

In this section, we make some numerical tests in real field to verify our conclusions. All 
these work will be finished by MATLAB software. However, because of the roundoff errors, 
Ri (i=l,2,- • • ) will unequal to zero in the iterative process. Therefore, for arbitrary positive 
number e small enough, e.g., e = l.Oe — 010, the iteration stops whenever ||i?j.|| < e, and 
(Xfc, Y k ) is regarded as a solution pair of the matrix equation. 

Example 4.1. Input matrices A, B , C, D, F. R. S as follows: 
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/ 


5 


-3 


0 


3 


0 


2 


8 


\ 




/ 


4 


-5 


-4 


1 


4 


4 


2 




0 


-4 


-6 


4 


-6 


0 




4 






-1 


2 


1 


3 


0 


0 


-1 




-6 


0 


7 


0 


7 


3 


1 






3 


-4 


-3 


0 


1 


5 


3 




0 


5 


-3 


-5 


-3 


0 


3 




,c = 


0 


3 


0 


-2 


-5 


-1 


6 




4 


-7 


0 


7 


0 


-8 




3 






-5 


1 


5 


-4 


-6 


7 


8 




-1 


0 


-6 


0 


-5 


9 


0 






0 


-2 


0 


-7 


3 


0 


-4 


V 


0 


-3 


8 


3 


-7 


0 


1 


) 






-7 


1 


7 


-4 


-6 


-1 


5 


/ 


-3 


5 


-5 


-2 


5 


-12 


\ 






' -2 


2 


-1 


14 


1 


-1 


\ 




0 


4 


9 


9 


4 


-6 








-5 


5 


0 


12 


-4 


4 






6 


-1 


7 


0 


-1 


3 








0 


0 


-2 


8 


0 


0 
























D = 


















-2 


4 


0 


5 


4 


5 








-8 


8 


-4 


14 


1 


-1 






-1 


-6 


-2 


0 


-6 


2 








1 


-1 


7 


-10 


-2 


2 




V 


0 


-9 


1 


1 


-9 


2 


) 






l -8 


8 


5 


0 


6 


-6 


/ 



-82 


-523 


-81 


-1213 


-459 


845 


\ 


-136 


-44 


520 


648 


-201 


-951 




-466 


583 


-153 


-187 


653 


178 




188 


-187 


-913 


-473 


386 


-649 




562 


-677 


297 


129 


-755 


618 




82 


-298 


422 


-89 


-402 


-408 




907 


-1781 


-617 


-633 


-1875 


1664 


/ 



R = 



/ 10 0 
0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
\ 0 0 0 



0 

0 

0 

-1 

0 

0 

0 



0 0 

0 0 

0 0 

0 0 

-1 0 

0 -1 

0 0 



0 \ 
0 
0 
0 
0 
0 

1 J 



,S = 



( 1 
0 
0 
0 
0 
V 0 



0 0 0 

1 0 0 

0 1 0 

0 0-1 
0 0 0 

0 0 0 



0 

0 

0 

0 

-1 

0 



0 ^ 

0 

0 

0 

0 

- 1 



(1). The solutions of Problem I 

If given initial iterative matrices 





/ 


4 


4 


-4 


0 


0 


0 


\ 




( 


8 


8 


0 


0 


0 


\ 






-4 


-4 


8 


0 


0 


0 






8 


-8 


4 


0 


0 


0 








-4 


-8 


8 


0 


0 


0 






-8 


4 


-4 


0 


0 


0 




AT = 




0 


0 


0 


4 


-4 


-8 




Yi = 


0 


0 


0 


-8 


4 


4 








0 


0 


0 


4 


-4 


-4 






0 


0 


0 


8 


4 


8 








0 


0 


0 


-8 


8 


12 






0 


0 


0 


4 


8 


8 








8 


4 


-8 


0 


0 


0 


) 




l -4 


-4 


8 


0 


0 


0 


/ 



Then, by Algorithm 2.1 and iteration 145 steps, we obtain a solution pair of Problem I: 
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/ —5.0000 


-4.0000 


6.0000 


0 


0 


0 ^ 






7.5451 


2.5191 


-4.8199 


0 


0 


0 






-6.0000 


-8.0000 


3.0000 


0 


0 


0 




-A 44 5 = 


0 


0 


0 


-7.7347 


1.0241 


3.2550 


? 




0 


0 


0 


8.0000 


-9.0000 


2.0000 






0 


0 


0 


3.0000 


-3.0000 


4.0000 






\ -2.0000 


-8.0000 


-4.0000 


0 


0 


o ) 






1 -8.0000 


1.5000 


5.0000 


0 


0 


0 \ 






-2.0000 


-4.0000 


6.0000 


0 


0 


0 






-4.0000 


10.5000 


-1.0000 


0 


0 


0 




Yu 5 = 


0 


0 


0 


3.0000 


-5.0000 


7.0000 


1 




0 


0 


0 


-2.0000 


6.0000 


5.0000 






0 


0 


0 


4.0000 


-3.0000 


8.0000 






-4.0000 


-6.0000 


3.0000 


0 


0 


o / 




|I?145 = 


8.4440e - 


Oil < e, anc 


||(AT 4 5,Em 5 )|| = 48.6449. 




Especially, choosing X\ = 0, Y\ 


= 0, from Theorem 2.2, the least-norm solution pair is 




/ -5.0000 


-4.0000 


6.0000 


0 


0 


0 ^ 






7.2734 


2.7588 


-4.9097 


0 


0 


0 






-6.0000 


-8.0000 


3.0000 


0 


0 


0 




Ai 43 = 


0 


0 


0 


-7.3685 


0.0150 


4.1249 


? 




0 


0 


0 


8.0000 


-9.0000 


2.0000 






0 


0 


0 


3.0000 


-3.0000 


4.0000 






\ -2.0000 


-8.0000 


-4.0000 


0 


0 


o ) 






( -2.0000 


-4.5000 


3.0000 


0 


0 


0 \ 






-2.0000 


-4.0000 


6.0000 


0 


0 


0 






2.0000 


4.5000 


-3.0000 


0 


0 


0 




Ei 43 = 


0 


0 


0 


3.0000 


-5.0000 


7.0000 


1 




0 


0 


0 


-2.0000 


6.0000 


5.0000 






0 


0 


0 


4.0000 


-3.0000 


8.0000 






-4.0000 


-6.0000 


3.0000 


0 


0 


o / 





and H-Rwsll = 8.7803e - Oil < e, and ||(Xi 43 , Yi 43 )|| = 45.1825. 



(2). The solution of Problem II 

Suppose that the given matrices 
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/ 


5 


4 


-6 


0 


0 


0 


\ 




1 -9 


-3 


4 


0 


0 


0 


\ 




-7 


-3 


5 


0 


0 


0 






-7 


-4 


6 


0 


0 


0 






6 


8 


-4 


0 


0 


0 






-5 


6 


-2 


0 


0 


0 






0 


0 


0 


7 


6 


-5 




, Y 0 = 


0 


0 


0 


-5 


-5 


7 






0 


0 


0 


-8 


9 


-2 






0 


0 


0 


2 


6 


5 






0 


0 


0 


-3 


3 


-4 






0 


0 


0 


4 


-3 


8 




V 


2 


8 


-9 


0 


0 


0 


) 




l -8 


-6 


9 


0 


0 


0 


/ 



Compute F = AXqB + CYqD, let initial iterative matrices A'i = \\ = 0, then we can obtain the 
least-norm solution (A'', Y') of the new matrix equation (15). Hence, the unique solution (A, Y) of 
Problem II is 



X = X* + X 0 



-5.0000 


-4.0000 


6.0000 


0 


0 


0 


8.2161 


1.9271 


-4.5982 


0 


0 


0 


-6.0000 


-8.0000 


3.0000 


0 


0 


0 


0 


0 


0 


-8.6390 


3.5152 


1.1073 


0 


0 


0 


8.0000 


-9.0000 


2.0000 


0 


0 


0 


3.0000 


-3.0000 


4.0000 


-2.0000 


-8.0000 


-4.0000 


0 


0 


0 



Y = Y* + Y 0 



l -9 -3 4 0 0 0 \ 

-2 -4 6 0 0 0 

-5 6 -2 0 0 0 

0 0 0 3 -5 7 

0 0 0 -2 6 5 

0 0 0 4 -3 8 

\ -4 -6 3 0 0 0 ) 



and H-RmsII = 8.0904e - Oil < e, ||(X,y)|| = 61.7436. 



Example 4.2. Given matrices A, B, C, D , F, R, S as following, 

/ 6 -3 0 3 \ 

-9 0 3 -3 



/ 3 -3 0 9 \ 



A = 



-3 -9 -12 12 



V 9 



, B = 



12 6 / 



C = 



D = 



( 4 -2 0 2 \ 

-6 0 2 -2 

0-482 
\ 2 -4 2 2 / 



R = 



0 -6 12 3 
\ 3 -6 3 3 / 

/ 1 0 0 0 \ 

0 0 0 -1 
0 0 10 



( 2 -2 0 6 \ 

-2 -6 -8 8 



V 



8 4 / 



S = 



F = 





V 


0 -1 


0 


o 




/ 


100 


15 


-110 


10 


\ 




120 


120 


-360 


30 




V 


80 


-90 


140 


-10 


/ 



( 0 1 0 0 \ 

10 0 0 

0 0-10 

\ o o o i / 
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By the iterative algorithm in this paper, we discuss the solvability of Problem I. Just as the 
statements in Example 4.1, for any positive number e, however small enough, e.g., e = l.Oe — 005, 
whenever ||iife|| < e or ||J?*|| > e, ||Qfc|| < e, and ||L fe | < e, stop the iteration. 

Let X \ , Y\ = 0 £ i? 4x4 , by Algorithm 2.1, we obtain 

H-Rell = 1.0574e + 004 > e, ||Q 6 || = 2.6216e - 007 < e, ||L 6 || = 1.1548e - 007 < e. 

Therefore, from Theorem 2.2, we know that matrix equation AXB + CYD = F is inconsistent. 



§5. Conclusions 

In this paper, we have established an iterative algorithm, i.e., Algorithm 2.1, for solving the 
matrix equation AXB + CYD = F over generalized reflexive matrix dual ( X , Y). By this algorithm, 
the consistence of the equation can be determined automatically. In particular, we can also obtain its 
least-norm solution by choosing special initial iterative matrices, which appears in Theorem 2.2. In 
addition, the optimal approximation solution of problem II can be gained by the least-norm solution 
of a new (but similar to (3)) matrix equation, which is included in section 3. Finally, some numerical 
examples show that the iterative algorithm is efficient. Certainly, if we make only some trivial changes, 
for instance, Q\ = -( Pi — RPiS), L\ = -(Ji ~ RJiS), then the generalized anti-reflexive solution 
of matrix equation (3) can be obtained. Moreover, if let R = S in Algorithm 2.1, then the iterative 
solution is the generalized centrosymmetric solution. 
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Abstract Let n be any positive integer, Pd(n) denotes the product of all positive divisors 
of n. The main purpose of this paper is using the elementary and analytic methods to study 
the mean value properties of a new arithmetical function S (Pd(n)), and give an interesting 
asymptotic formula for it. 
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§1. Introduction 

For any positive integer n, the famous F. Smarandache function S(n) is defined as the 
smallest positive integer m such that n divide to!. That is, S(n) = min{?n : m £ N, ?i|to!}. 

And the Smarandache divisor product sequences {Pd(n)} is defined as the product of all positive 

d(n) 

divisors of n. That is, Pd{n ) = = n 2 , where d(n ) is the Dirichlet divisor function. 

d\n 

For examples, Pd( 1) = l,Pd(2) = 2,Pd(3) = 3,Pd(4) = 8, • • • . In problem 25 of reference 
[1], Professor F. Smarandache asked us to study the properties of the function S(n ) and the 
sequence {Pd(?r)}. About these problems, many scholars had studied them, and obtained a 
series interesting results, see references [2], [3], [4], [5] and [6]. But at present, none had studied 
the mean value properties of the composite function S ( Pd(n )), at least we have not seen any 
related papers before. In this paper, we shall use the elementary methods to study the mean 
value properties of S(Pd(n)), and give an interesting asymptotic formula for it. That is, we 
shall prove the following conclusion: 

Theorem. For any fixed positive integer k and any real number x > 1, we have the 
asymptotic formula 



E ww) 

n<x 



7 r 

72 



ar 

In a; 



k 

E 1 

i = 2 



In* x 



O 



In' 



k-\-l , 



where bi (i = 2, 3, • • • , k) are computable constants. 
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§2. Some simple lemmas 

To complete the proof of the theorem, we need the following several simple lemmas. First 
we have 

Lemma 1. For any positive integer a, we have the estimate 

S(p a ) < ap. 

Especially, when a < p, we have S(p a ) = ap, where p is a prime. 

Proof. See reference [3]. 

Lemma 2. For any positive integer n, let n = Pi 2 p 2 2 • • ■p ( j‘ k denotes the factorization 
of n into prime powers, then we have 

S(n) = max {S^)}. 

l<i<k 

Lemma 3. Let P(n ) denotes the greatest prime divisor of n, if P{n) > yfn, then we 
have S{n ) = P{n). 

Proof. The proof of Lemma 2 and Lemma 3 can be found in reference [4]. 



§3. Proof of the theorem 

In this section , we shall use the above lemmas to complete the proof of our theorem. For 
any positive integer n, it is clear that from the definition of Pd(n) we have 



P 2 An) = II r • n 



El 



— I = n T 'l™ =n d ( n ) 



= n 



d(n) 



r\r 



So we have the identity Pd{n) = n^~ . Let n = p^p^ 2 • ■ ■ p% k denotes the factorization of n 
into prime powers. First we separate all integers n in the interval [1, a;] into two subsets A and 
B as follows: 

A = {n : n < x, P(n ) < \/n}, B = {n : n < x, P(n) > y/n}. 

If n £ A, then from Lemma 1 and Lemma 2, and note that Pd{n) = we have 



Therefore, 

S(P d (n )) = 5 



n) = n 2 =Pi 2 p 2 2 


■-Pk 2 






/ a\d(n) a 2 d(n) akd(n) \ 




r 


/ aid(n) \ \ 


Pi 2 v 2 2 ■■■P k 2 


= max < 
l<i<k 


* 


« 2 


l ) 




l 


l )) 



< max 
Ki<k 



nd(n) 



Pi f < 



d(n) 



y/nh. 
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From reference [10] we know that 



d(n) = a; In a; + O(x). 



2 <-X 



So we have the estimate 



'Y S ( Pd{n )) < Y, ^ ^ yfn In n <C Y, d(n)y/x lna; <C x = In 2 x. 



(1) 






n£A 



n<x 



If n £ B, let n = n\p , where ni < \fn < p. It is clear that d{n{) < \fn < p and 
d(n) = 2d(n\). So from Lemma 3 we have 



d(nip) \ 



d(nip) \ 



Y s ( p ^( n )) = ^ ( nip ) 2 = Y S \ p 2 



nG-B 



nip<x 

ni<p 



J nip<.a. 



ni<p 






Y Y d ( n )p= Y d Y p 

n<^/x n<p< ^ n<y/x 



X 

n<.p< — 

n 



Y d{n) Y P + ° ( Y d( A) 

<y/x 



x 

P< — 

n 



n 

Inn 



Y d( ^> Y p+°( x )- 

n<.y/x 



(2) 



X 

p< — 

n 



From the Abel’s summation formula (see Theorem 4.2 of [10]) and the Prime Theorem (see 
Theorem 3.2 of [11]) we have 



7 r 



a i ' x , n ( x 

0) = Y ~ ^ + 0 



~i In* x \ln fe+1 x , 

l—l X ' 

where (i = 1, 2, • • • , k) are computable constants and ai = 1. We have 



Sf = p o - r *w d « 



x 

p< — 

n 



k 9 l i 

E Ci • x m n _ 
- - +° 



2n 2 In x ' Y n 2 In 2 x 
1=2 

where Ci (i = 2, 3, • • • , k) are computable constants. 
Note that 

00 i 2 

E l 7 T 

n 2 6 

n=l 

and 



n 2 ln fc+1 x 



(3) 



d ( n ) _ / y' J_ i = Y 

‘ ^ 77 ,2 \ / ^ ri 2 / 5 



r4 

36’ 
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(4) 
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from (2), (3) and (4) we obtain 



X>™"» = ^r, £ 



n(zB 



d(n) 



2 In x z — ' n z 

<y/x 






T,<y/X i—2 



i 2 In* ; 



ln fc+1 x 



7T 4 X 2 

72 lnx 



fc o 

ar 



+ ^2 bi ' ww + ° 

in x 



i fc+i 

In £ 



( 5 ) 



where b t (i = 2, 3, • • • , fc) are computable constants. 

Now combining (1) and (5) we may immediately get the asymptotic formula 



J2S(P d (n)) = ^S(P d (n)) + ]TS(P d (n)) 



neA 



7 T 4 X 2 



n(zB 






72 lnx ^ In’ x 

t—2 



O 



1 fc+1 

in ; 



where bi (i = 2, 3, • • ■ , fc) are computable constants. This completes the proof of Theorem. 
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